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WELCOME TO FSE

Frontiers in Science and Engineering, an International Journal edited by Hassan II Academy of 
Science and Technology uses author-supplied PDFs for all online and print publication.

The objective of this electronic journal is to provide a platform of exchange of high quality 
research papers in science and engineering. Though it is rather of wide and broad spectrum, it is 
organized in a transparent and simple interactive manner so that readers can focus on their direct 
interest.

All papers are submitted to the normal peer-review process. Publication criteria are based on : i) 
Novelty of the problem or methodology and problem solving, ii) Salience of the approach and 
solution technique, iii) Technical correctness and outputs, iv) Clarity and organization.

Papers are first reviewed by the Executive Board Director who receives the paper and, if relevant 
in terms of the overall requirements, it is then proposed to one of the most appropriate associate 
editor on the field who will select 2 to 3 expert reviewers. We are right now in the process of com-
pleting our international Editorial Board. Electronic printing will allow considerable time savings 
for submission delays which will be reduced drastically to less than three to six months. Prospec-
tive authors are therefore invited to submit their contribution for assessment while subjected to 
similar quality criteria review used in paper journals.

Authors are notified of acceptance, need for revision or rejection of the paper. It may be noted that 
papers once rejected cannot be resubmitted. All the details concerning the submission process are 
described in another section.
This electronic journal is intended to provide :

• the announcement of significant new results,
• the state of the art or review articles for the development of science and technology,
• the publication of proceedings of the Academy or scientific events sponsored by the Aca-

demy,
• the publication of special thematic issues.

So that the scientific community can :
• promptly report their work to the scientific community,
• contribute to knowledge sharing and dissemination of new results.

The journal covers the established disciplines, interdisciplinary and emerging ones. Articles 
should be a contribution to fundamental and applied aspects, or original notes indicating a signi-
ficant discovery or a significant result.

The topics of this multidisciplinary journal covers amongst others :
Materials Science, Mathematics, Physics, Chemistry, Computer sciences, Energy, Earth Science, 
Biology, Biotechnology, Life Sciences, Medical Science, Agriculture, Geosciences, Environment, 
Water, Engineering and Complex Systems, Science education, Strategic and economic studies, 
and all related modeling, simulation and optimization issues, etc. ...

Once, a certain number of papers in a specific thematic, is reached, the Academy might edit a 
special paper issue in parallel to the electronic version.
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Abstract. Complex tetrahedral surface T is a non planar projective surface that is generated
by four intersecting complex projective planes CP 2. In this paper, we study the family {Tm} of
blow ups of T and exhibit the link of these Tms with the set of del Pezzo surfaces dPn obtained by
blowing up n isolated points in the CP 2. The Tms are toric surfaces exhibiting a U (1) × U (1)
symmetry that may be used to engineer gauge symmetry enhancements in the Beasley-Heckman-
Vafa theory. The blown ups of the tetrahedron have toric graphs with faces, edges and vertices
where may localize respectively fields in adjoint representations, chiral matter and Yukawa tri-
fields couplings needed for the engineering of F- theory GUT models building.
Key words: F-theory on Calabi-Yau 4-folds, del Pezzo surfaces, BHV model, Intersecting Branes, Toric
singularites.

1. Introduction

With the advent of the Large Hadron Collider (LHC) at CERN, theoretical studies around the Min-
imal Supersymmetric Standard model (MSSM) and Grand Unified Theories (GUT) have known
intense activities. Among these research activities, the studies of TeV- scale decoupled grav-
ity scenarios aiming the embedding of MSSM and GUT models into superstrings and M- theory
[1, 2, 3, 4]; see also [5, 6, 7, 8, 9, 10]. Recently Beasley-Heckman-Vafa made a proposal, to which
we refer here below as the BHV model, for embedding MSSM and GUT into the 12D F-theory
compactified on Calabi-Yau four- folds [11, 12, 13]. In this proposal, the visible supersymmetric
gauge theory in 4D space time including chiral matter and Yukawa couplings is given by an ef-
fective field model following from the supersymmetric gauge theory on a seven brane wrapping 4-
cycles in the F-theory compactification down to 4D Minkowski space time. In the engineering of
the supersymmetric GUT models in the framework of the BHV theory [12, 13], see also [14, 15],
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Tetrahedron T : faces edges vertices
toric symmetry : U (1)×U (1) U (1) -
gauge enhancement : Gr × U2 (1) Gr+1 × U (1) Gr+2

In the present paper, we focus our attention mainly on the study of the typical family of base sur-
faces S of eq(1.1) involving the non planar complex tetrahedral surface and its blow ups denoted
here below as T0 and Tn respectively. In the conclusion section, we give comments on the en-
gineering of GUT-like 4D N = 1 supersymmetric quiver gauge models based on T0 and Tn. A
more involved and explicit study for the engineering of F- theory GUT-like models along the line
of the BHV approach; but now with T0 and Tn as complex base geometries in the local Calabi-Yau
four-folds of eq(1.1) will be reported in [20].
The presentation of this paper is as follows: In section 2, we review general aspects of del Pezzo
surfaces dPk; in particular their 2- cycle homology classes and their links to the exceptional1 Lie
algebras. This review on real 2- cycle homology of the dPks is important to shed more light for the
study and the building of the blow ups of the tetrahedron. In section 3, we introduce the complex
tetrahedral surface T0; first as a complexification of the usual real tetrahedron (hollow triangular
pyramid); that is as a non planar complex surface given by the intersection of four projective planes
CP 2. Second as a complex codimension one divisor ( ”a toric boundary”) of the complex three
dimension projective space CP 3. We take also this opportunity to recall useful results on CP 3

thought of as a toric manifold and its Chern classes ck
(
TCP 3

)
. These tools are used in section

4 to study the blow ups of the tetrahedron; in particular the toric blow ups of its vertices by pro-
jective planes and the blow up of its edges by the del Pezzo surface dP1. In section 5, we give a
conclusion and make comments on supersymmetric GUT-like quiver gauge theories embedded in
F-theory compactification on local Calabi-Yau four-folds.

2. Del Pezzo surfaces dPk

We first consider the 2- cycle homology of the del Pezzo surfaces. Then we give the links between
these surfaces and the roots system of the ”exceptional” Lie algebras.

2.1. Homology of dPk

The dPk del Pezzo surfaces with k ≤ 8 are defined as blow ups of the complex projective space
CP 2 at k points. Taking into account the overall size r0 of the compact CP 2, a surface dPk has
then real (k + 1) dimensional Kahler moduli ⟨r0, r1, . . . , rk⟩ corresponding to the volume of each

1Here E3, E4, E5 denote respectively SU (3) × SU (2), SU (5) and SO (10) and E6, E7, E8 are the usual
exceptional Lie algebras in Cartan classification.
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one has to specify, amongst others, the geometric nature of the complex base surface S of the
elliptically K3 fibered Calabi-Yau four -folds X4:

Y → X4

↓ πs

S
(1.1)

In this relation Y is a complex two dimension fiber where live ADE singularities giving rise to
the rank r gauge symmetry Gr that we observe in 4D space time and S is a complex base surface
whose cycle homology captures important data on matter fields representations and their tri- fields
couplings. If the singular fiber Y of the local Calabi-Yau four-folds (CY4) is fixed by the targeted
4D space time invariance Gr, one may a priori imagine several kinds of compact complex surfaces
S as its base manifold. The choice of S depends on the effective 4D space time physics; in
particular the number of conserved supersymmetric charges and chiral matter fields as well as
their couplings. Generally speaking, the simplest surfaces one may consider are likely those given
by the so called Hizerbruch surfaces

Fn = CP 1 ×n CP 1

generated by fibration of a complex projective line over a second projective line. Other examples
of surfaces are given by the complex projective plane CP 2 and its del Pezzo dPn cousins; or in
general non planar complex surfaces D embedded in higher dimensional complex Kahler mani-
folds. Typical examples of adequate surfaces S that have been explicitly studied in the BHV model
are given by the family of del Pezzo surfaces dPn with n = 0, 1, ..., 8. These complex surfaces are
obtained by preforming up to eight blow ups at isolated points of the projective plane CP 2 = dP0

by complex projective lines [16, 17, 11, 18, 19]; see also section 2 for technical details.
Motivated by the study of the geometric engineering of the F-theory GUT models building à la
BHV, we aim in this paper to contribute to this matter by constructing a family of backgrounds for
F-theory compactification based on the tetrahedron geometry T and its blow ups. This study sets
up the basis for developing a class of F-theory GUT- like models building and uses the power of
toric geometry of complex surfaces to geometrically engineer chiral matter and the Yukawa cou-
plings. Recall that the tetrahedron T viewed as a toric surfaces with the following toric fibration

T 2 → T
↓ π∆

∆T

(1.2)

has toric singularities generated by shrinking cycles of T 2 on the edges of the tetrahedral base ∆T
and at its vertices. In our approach, the shrinking cycles of the above toric fibration are interpreted
in terms of gauge enhancement of bulk gauge symmetry Gr × U2 (1) . In going from a generic face
of the tetrahedron towards a vertex passing through a edge, the Gr × U2 (1) bulk gauge symmetry
gets enhanced to Gr+1 × U (1) on the edge and to Gr+2 at the vertex as shown on the following
table:
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Tetrahedron T : faces edges vertices
toric symmetry : U (1)×U (1) U (1) -
gauge enhancement : Gr × U2 (1) Gr+1 × U (1) Gr+2

In the present paper, we focus our attention mainly on the study of the typical family of base sur-
faces S of eq(1.1) involving the non planar complex tetrahedral surface and its blow ups denoted
here below as T0 and Tn respectively. In the conclusion section, we give comments on the en-
gineering of GUT-like 4D N = 1 supersymmetric quiver gauge models based on T0 and Tn. A
more involved and explicit study for the engineering of F- theory GUT-like models along the line
of the BHV approach; but now with T0 and Tn as complex base geometries in the local Calabi-Yau
four-folds of eq(1.1) will be reported in [20].
The presentation of this paper is as follows: In section 2, we review general aspects of del Pezzo
surfaces dPk; in particular their 2- cycle homology classes and their links to the exceptional1 Lie
algebras. This review on real 2- cycle homology of the dPks is important to shed more light for the
study and the building of the blow ups of the tetrahedron. In section 3, we introduce the complex
tetrahedral surface T0; first as a complexification of the usual real tetrahedron (hollow triangular
pyramid); that is as a non planar complex surface given by the intersection of four projective planes
CP 2. Second as a complex codimension one divisor ( ”a toric boundary”) of the complex three
dimension projective space CP 3. We take also this opportunity to recall useful results on CP 3

thought of as a toric manifold and its Chern classes ck
(
TCP 3

)
. These tools are used in section

4 to study the blow ups of the tetrahedron; in particular the toric blow ups of its vertices by pro-
jective planes and the blow up of its edges by the del Pezzo surface dP1. In section 5, we give a
conclusion and make comments on supersymmetric GUT-like quiver gauge theories embedded in
F-theory compactification on local Calabi-Yau four-folds.

2. Del Pezzo surfaces dPk

We first consider the 2- cycle homology of the del Pezzo surfaces. Then we give the links between
these surfaces and the roots system of the ”exceptional” Lie algebras.

2.1. Homology of dPk

The dPk del Pezzo surfaces with k ≤ 8 are defined as blow ups of the complex projective space
CP 2 at k points. Taking into account the overall size r0 of the compact CP 2, a surface dPk has
then real (k + 1) dimensional Kahler moduli ⟨r0, r1, . . . , rk⟩ corresponding to the volume of each

1Here E3, E4, E5 denote respectively SU (3) × SU (2), SU (5) and SO (10) and E6, E7, E8 are the usual
exceptional Lie algebras in Cartan classification.
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Figure 1: Toric graphs for dP0 , dP1 , dP2 and dP3. The surface dP1 is obtained by blowing up the vertex
1. The other are recovered by blowing up the vertices 2 and 3.

and has a self intersection number Ω2
k = 9− k whose positivity requires k < 9. Obviously k = 0

corresponds just to the case where there is no blow up. The degree dΣ of a generic complex curve
class Σ = nH −

∑k
i=1 miEi in dPk is given by the intersection number between the class Σ with

the anticanonical class (−Ωk),

dΣ = − (Σ · Ωk) = 3n−
k∑

i=1

mi. (2.6)

Positivity of this integer dΣ puts a constraint equation on the allowed values of the n and mi

integers which should be like,
k∑

i=1

mi ≤ 3n. (2.7)

Notice that there is a remarkable relation between the self intersection number Σ2 (2.4) of the
classes of holomorphic curves and their degrees dΣ. This relation, which is known as the adjunction
formula [21, 16], is given by Σ2 = 2g− 2+ dΣ, and allows to define the genus g of the curve class
Σ as

g = 1 +
n (n− 3)

2
−

k∑
i=1

mi (mi − 1)

2
. (2.8)

For instance, taking Σ = 3H; that is n = 3 and mi = 0, then the genus g3H of this curve is equal
to 1 and so the curve 3H is in the same class of the real 2- torus. In general, fixing the genus g
to a given positive integer puts then a second constraint equation on n and mi integers; the first
constraint is as in (2.7). For the example of rational curves with g = 0, we have Σ2 = dΣ − 2
giving a relation between the degree dΣ of the curve Σ and its self intersection. For dΣ = 0, we
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blown up cycle. The dPks possess as well a moduli space of complex structures with complex
dimension (2k − 8) where the eight gauge fixed parameters are associated with the GL (3) sym-
metry of CP 2. As such, only surfaces with 5 ≤ k ≤ 8 admit a moduli space of complex structures.
The real 2-cycle homology group H2 (dPk, Z) is (k + 1) dimensional and is generated by {H,E1, ..., Ek}
where H denotes the hyperplane class inherited from CP 2 and the Ei denote the exceptional divi-
sors associated with the blow ups. These generators have the intersection pairing

H.H = 1 , H.Ei = 0 , Ei.Ej = −δij , i, j = 1, ..., k , (2.1)

so that the signature η of the H2 (dPk, Z) group is given by diag (+− ...−).
The first three blow ups giving dP1, dP2 and dP3 complex surfaces are of toric types while the
remaining five others namely dP4, ..., dP8 are non toric. These projective surfaces have the typical
toric fibration

T 2 → dPk

↓ πB

B2,k

, k = 1, 2, 3, (2.2)

with real real two dimension base B2,k nicely represented by toric diagrams ∆2,k encoding the toric
data on the shrinking cycles in the toric fibration

surface S dP 0= CP 2 dP 1 dP 2 dP 3

blow ups k = 0 k = 1 k = 2 k = 3
toric graph ∆2,k triangle quadrilateral pentagon hexagon
generators H H , E1 H , E1 , E2 H , E1 , E2 , E2

The toric graphs of the projective plane CP 2 and its toric blown ups namely dP1, dP2 and dP3 are
depicted in the figure (1). The surfaces dPk with 4 ≤ k ≤ 8 have no toric graph representation.

In terms of the basic hyperline H and the exceptional curves Ei, generic classes [Σa] of complex
holomorphic curves in the del Pezzos dPk are given by the following integral linear combinations,

Σa = naH −
k∑

i=1

maiEi, (2.3)

with na and ma are integers. The self- intersection numbers Σ2
a ≡ Σa ·Σa following from eqs(2.3)

and (2.1) are then given by

Σ2
a = n2

a −
k∑

i=1

m2
ai. (2.4)

The canonical class Ωk of the projective dPk surface, which is given by minus the first Chern class
c1 (dPk) of the tangent bundle of the surface dPk, reads as,

Ωk = −

(
3H −

k∑
i=1

Ei

)
, (2.5)
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Figure 1: Toric graphs for dP0 , dP1 , dP2 and dP3. The surface dP1 is obtained by blowing up the vertex
1. The other are recovered by blowing up the vertices 2 and 3.
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integers which should be like,
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Notice that there is a remarkable relation between the self intersection number Σ2 (2.4) of the
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formula [21, 16], is given by Σ2 = 2g− 2+ dΣ, and allows to define the genus g of the curve class
Σ as
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2
−
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2
. (2.8)

For instance, taking Σ = 3H; that is n = 3 and mi = 0, then the genus g3H of this curve is equal
to 1 and so the curve 3H is in the same class of the real 2- torus. In general, fixing the genus g
to a given positive integer puts then a second constraint equation on n and mi integers; the first
constraint is as in (2.7). For the example of rational curves with g = 0, we have Σ2 = dΣ − 2
giving a relation between the degree dΣ of the curve Σ and its self intersection. For dΣ = 0, we
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3. Tetrahedral surface

The complex tetrahedral surface T0 has much to do with the usual real triangular hollow2 pyramid
which we denote as ∆T0 . In this section, we want to exhibit explicitly this link; but also its relation
to the complex three dimension projective space CP 3. To that purpose, we first describe the
relation between the complex tetrahedral surface T0 and the complex projective plane CP 2. Then
we examine its relation with the complex three dimension space CP 3. Because of the link between
T0 and CP 3, we take this occasion to give useful results on the homology of CP 3 which we use in
section 4 to study the blowing up of the tetrahedron.

3.1. Link between T0 and CP 2

Roughly, the complex tetrahedral surface T0 extends the complex projective plane CP 2; it is a non
planar projective surface that involve several projective planes {CP 2

a } and whose basic properties
may be read from the real tetrahedron ∆T0 . The latter is given by the four external faces of the
triangular hollow pyramid ∆T0 whose graph is depicted in (2).

Figure 2: This figure represents the toric graph ∆T0 of the complex tetrahedral surface T0. This
toric surface is a candidate for a base surface of local CY4s in the BHV theory. On the faces of
∆T0 live fields in adjoint representation of Gr × U2 (1), while on the edges lives bi- fundamentals
and at vertices it lives tri- fields Yukawa couplings

Form the figures (1) and (2) as well as the relation between triangles3 and projective planes, we
immediately learn that there is a strong link between the usual tetrahedron ∆T0 and the complex
tetrahedral surface T0. This non planar surface is then built in terms of four intersecting compact
projective planes CP 2

1 , CP 2
2 , CP 2

3 and CP 2
4 which are in one to one correspondence with the four

faces of ∆T0 . The intersection of any two projective planes; say CP 2
a and CP 2

b , is a complex

2One should distinguish two kinds of triangular pyramids: filled and empty. We are interested in the second one
denoted as ∆T0 . The real triangular pyramid with filled bulk is denoted by ∆CP 3 ; it is the toric graph of CP 3. We
also have the relation ∆T0 = ∂ (∆CP 3).

3In toric geometry, projective lines CP 1 are presented by segments [AB], projective planes CP 2 by triangles
[ABC] and in general CPn spaces by n-simplex [A1...An+1].
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have a rational curve with self intersection Σ2 = −2 while for dΣ = 1 we have a self intersection
Σ2 = −1. To get the general expression of genus g = 0 curves, one has to solve the constraint
equation

∑k
i=1 mi (mi − 1) = 2+n (n− 3) by taking into account the condition (2.7). For k = 1,

this relation reduces to m (m− 1) = 2+n (n− 3), its leading solutions n = 1, m = 0 and n = 0,
m = −1 give just the classes H and E respectively with degrees dH = 3 and dE = 1. Typical
solutions for this constraint equation are given by the generic class Σn,n−1 = nH − (n− 1)E
which is more convenient to rewrite it as follows Σn,n−1 = H + (n− 1) (H − E).

2.2. Link to roots of Lie algebras

Del Pezzo surfaces dPk have also a remarkable link with the exceptional Lie algebras. Decompos-
ing the H2 homology group like,

H2 (dPk, Z)k≥3 = ⟨Ωk⟩ ⊕ Lk , (2.9)

with
Ωk = −3H + Ei + · · ·+ Ek ,
Lk = ⟨Ωk⟩⊥ ,

(2.10)

where the sublattice Lk = ⟨α1, ..., αk⟩, which is orthogonal to Ωk, is identified with the root space
of the corresponding Lie algebra Ek. The generators αi of the lattice Lk are:

α1 = E1 − E2,
...

...
αk−1 = Ek−1 − Ek,
αk = H − E1 − E2 − E3,

(2.11)

with pairing product αi.αj equal to minus the Cartan matrix Cij (Ek) of the Lie algebra Ek. For
the particular case of dP2, the corresponding Lie algebra is su (2). The mapping between the
exceptional curves and the roots of the exceptional Lie algebras is given in the following table

dPk surfaces exceptional curves Lie algebras simple roots
dP1 E1 - -
dP2 E1, E2 su (2) α1

dP3 E1, E2, E3 su (3)× su (2) α1, α2, α3

dP4 E1, E2, E3, E4 su (5) α1, α2, α3, α4

dP5 E1, E2, E3, E4, E5 so (10) α1, α2, α3, α4, α5

dP6, dP7, dP8 E1, E2, ..., Ek E6, E7, E8 α1, ..., αk, k = 6, 7, 8

(2.12)

Notice that one can also use eqs(2.9,2.11) to express the generators H and ⟨Ei⟩1≤i≤k in terms of
the anticanonical class Ωk and the roots of the exceptional Lie algebra; for details see [20].
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3. Tetrahedral surface

The complex tetrahedral surface T0 has much to do with the usual real triangular hollow2 pyramid
which we denote as ∆T0 . In this section, we want to exhibit explicitly this link; but also its relation
to the complex three dimension projective space CP 3. To that purpose, we first describe the
relation between the complex tetrahedral surface T0 and the complex projective plane CP 2. Then
we examine its relation with the complex three dimension space CP 3. Because of the link between
T0 and CP 3, we take this occasion to give useful results on the homology of CP 3 which we use in
section 4 to study the blowing up of the tetrahedron.

3.1. Link between T0 and CP 2

Roughly, the complex tetrahedral surface T0 extends the complex projective plane CP 2; it is a non
planar projective surface that involve several projective planes {CP 2

a } and whose basic properties
may be read from the real tetrahedron ∆T0 . The latter is given by the four external faces of the
triangular hollow pyramid ∆T0 whose graph is depicted in (2).

Figure 2: This figure represents the toric graph ∆T0 of the complex tetrahedral surface T0. This
toric surface is a candidate for a base surface of local CY4s in the BHV theory. On the faces of
∆T0 live fields in adjoint representation of Gr × U2 (1), while on the edges lives bi- fundamentals
and at vertices it lives tri- fields Yukawa couplings

Form the figures (1) and (2) as well as the relation between triangles3 and projective planes, we
immediately learn that there is a strong link between the usual tetrahedron ∆T0 and the complex
tetrahedral surface T0. This non planar surface is then built in terms of four intersecting compact
projective planes CP 2

1 , CP 2
2 , CP 2

3 and CP 2
4 which are in one to one correspondence with the four

faces of ∆T0 . The intersection of any two projective planes; say CP 2
a and CP 2

b , is a complex

2One should distinguish two kinds of triangular pyramids: filled and empty. We are interested in the second one
denoted as ∆T0 . The real triangular pyramid with filled bulk is denoted by ∆CP 3 ; it is the toric graph of CP 3. We
also have the relation ∆T0 = ∂ (∆CP 3).

3In toric geometry, projective lines CP 1 are presented by segments [AB], projective planes CP 2 by triangles
[ABC] and in general CPn spaces by n-simplex [A1...An+1].
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together with the following bi- and tri- intersections

Σ(ab) = Da ∩ Db , a < b ,
P(abc) = Da ∩ Db ∩ Dc , a < b < c . (3.7)

Notice in passing that in the effective 4D space time physics of branes wrapping cycles in type II
strings on Calabi Yau threefolds and F-theory on CY4-folds, these cycles intersections give rise to
branes intersections which have a nice interpretation in terms of chiral matter in bi-fundamentals
and tri-fields couplings.
In the toric geometry language, the complex tetrahedral surface T0 is in some sens4 the ”toric
boundary” of CP 3. Recall that CP 3 is a toric manifold with the toric fibration

T 3 → CP 3

↓ π
B3

(3.8)

where the real three dimension base B3 has as a toric polytope given by the 3- simplex ∆CP 3 . This
3- simplex is just the triangular pyramid with filled bulk and is related to ∆T0 as follows,

∆T0 = ∂ (∆CP 3) . (3.9)

As such the complex tetrahedral surface T0 inherits specific features of the toric data of the complex
projective space CP 3. These toric data, which are encoded on the faces, the edges and the vertices
of the polytope ∆CP 3 , are generated by shrinking cycles of the T 3 fiber of eq(3.8). In the next
section we will use these data to study the toric blown ups of T0; but before that let us complete
this discussion by recalling useful results on the Chern classes for CP 3. These classes may be read
from the total Chern class given by the following sum

ctot (X) = 1 + c1 (X) + c2 (X) + c3 (X) , (3.10)

where X stands for complex three dimension manifold and where the ck (X) refer to ck (TX); i.e
the k-th Chern class of the tangent bundle TX .
For the case X = CP 3, the Chern classes ck (X) are generated by a single two dimensional class
ω reads as follows

ctot (X) = (1 + ω)4 = 1 + 4ω + 6ω2 + 4ω3 , (3.11)

together with the normalization ∫

CP 3

ω3 = 1 (3.12)

and the nilpotent relation ω4 = 0. From the relations (3.10) and (3.11), we can read directly the
expression of the first c1 (X), the second c2 (X) and the third c3 (X) Chern classes,

c1 (X) = 4ω ,
c2 (X) = 6ω2 ,
c3 (X) = 4ω3 ,

(3.13)

4What we mean by the toric boundary of a complex n dimension manifold Mn is the codimension one toric
submanifold Mn−1 = ∂ (Mn)toric associated with the shrinking of then n-torus fiber Tn of Mn down to Tn−1.
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projective line Σ(ab) ∼ CP 1 and are associated with the edges of ∆T0 ;

Σ(ab) = CP 2
a ∩ CP 2

b ,
Σ(ab) ≃ CP 1 , (3.1)

with b > a = 1, ..., 4. Moreover we learn also that any triplet of three projective planes; say CP 2
a ,

CP 2
b and CP 2

c , meet at one of the four vertices of the tetrahedron, i.e:

P(abc) = CP 2
a ∩ CP 2

b ∩ CP 2
c . (3.2)

Up on using eq(3.1) may be also written as

P(abc) = Σ(ab) ∩ CP 2
c ,

= Σ(bc) ∩ CP 2
a ,

= Σ(ac) ∩ CP 2
b ,

(3.3)

with c > b > a = 1, ..., 4. These vertices may be as well defined as the intersection of edges Σ(ab)

and Σ(bc) or equivalently Σ(bc) and Σ(ac).
Notice that the exact link between T0 and ∆T0 is given by toric geometry which allows to define
the complex tetrahedral surface T0 in terms of the following toric fibration,

T 2
T0 → T0

↓ π
BT0

(3.4)

where the fiber T 2 stands for the 2- torus S1 × S1 and BT0 for a real two dimensional base. The
polytope ∆T0 is precisely the toric graph of the real base BT0 . This toric graph encodes the toric
data of the toric symmetries of the complex tetrahedral surface viewed as a complex two dimension
toric manifold. As these toric data are intimately related to the toric representation of CP3; we give
these details in the next section.

3.2. Relation between T0 and CP 3

Along with its connection with CP 2, the complex tetrahedral surface T0 has as well a strong link
with the complex three dimension projective space CP 3. The projective planes CP 2

1 , CP 2
2 , CP 2

3

and CP 2
4 encountered in the previous subsection are precisely the four basic divisors D1, D2, D3

and D4 of CP 3. In terms of the holomorphic coordinates {xa} of the complex four dimension
space C4 where live CP 3, we can define these basic divisors Da by the following hypersurfaces,

Da =

{
(x1, x2, x3, x4) ≡ (λx1, λx2, λx3, λx4)
(x1, x2, x3, x4) ̸= (0, 0, 0, 0) and xa = 0

}
(3.5)

with a = 1, 2, 3, 4 and where λ is a non zero complex number; the parameter of the C∗ action.
In this set up, the complex tetrahedral surface may be defined as the complex codimension one
hypersurface

T0 =
∪4

a=1
Da, , (3.6)
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3- simplex is just the triangular pyramid with filled bulk and is related to ∆T0 as follows,

∆T0 = ∂ (∆CP 3) . (3.9)

As such the complex tetrahedral surface T0 inherits specific features of the toric data of the complex
projective space CP 3. These toric data, which are encoded on the faces, the edges and the vertices
of the polytope ∆CP 3 , are generated by shrinking cycles of the T 3 fiber of eq(3.8). In the next
section we will use these data to study the toric blown ups of T0; but before that let us complete
this discussion by recalling useful results on the Chern classes for CP 3. These classes may be read
from the total Chern class given by the following sum

ctot (X) = 1 + c1 (X) + c2 (X) + c3 (X) , (3.10)

where X stands for complex three dimension manifold and where the ck (X) refer to ck (TX); i.e
the k-th Chern class of the tangent bundle TX .
For the case X = CP 3, the Chern classes ck (X) are generated by a single two dimensional class
ω reads as follows

ctot (X) = (1 + ω)4 = 1 + 4ω + 6ω2 + 4ω3 , (3.11)

together with the normalization ∫

CP 3

ω3 = 1 (3.12)

and the nilpotent relation ω4 = 0. From the relations (3.10) and (3.11), we can read directly the
expression of the first c1 (X), the second c2 (X) and the third c3 (X) Chern classes,

c1 (X) = 4ω ,
c2 (X) = 6ω2 ,
c3 (X) = 4ω3 ,

(3.13)

4What we mean by the toric boundary of a complex n dimension manifold Mn is the codimension one toric
submanifold Mn−1 = ∂ (Mn)toric associated with the shrinking of then n-torus fiber Tn of Mn down to Tn−1.
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in the blowing up of CP 2. The blown ups surfaces will be denoted as T ′
k .

Recall that at the four vertices of the tetrahedron ∆CP 3 , a 3-torus T 3 shrinks to zero

vertex : T 3 → 0 , (4.1)

while on its six the edges we have shrinking 2-tori.

edge : T 2 → 0 . (4.2)

Below, we study these two kinds of blow ups by first considering blowing ups by projective planes
by essentially mimicking the building of del Pezzo surfaces in terms of the blow ups of CP 2

considered in section 2.

4.1. Blow ups of points by CP2s

To start notice that by thinking about the complex tetrahedral surface T0 ∼ T 2 × ∆T0 as a toric
submanifold of CP 3 ∼ T 3 ×∆CP 3 , that is roughly as its toric boundary; see also footnote (2),

∆T0 = ∂ (∆CP 3) , T0 ∼ ∂ (CP 3)toric , (4.3)

one can construct the leading terms of the family {Tn} of the blown ups of the complex tetrahe-
dral surface just by help of the power of toric geometry. Indeed, using the toric relation ∆T0 =
∂ (∆CP 3), one sees that the toric action U3 (1) generated by translations on the fiber T 3 of CP 3

(3.8) has fix points associated with shrinking p- cycles in T 3. These are:
(1) the divisors of CP 3; in particular for the four basic Da given by eqs(3.5). On these basic divi-
sors, a 1-cycle of the 3-torus T 3 fibration in the bulk of ∆CP 3 shrinks to zero. As such one is left
with T 2 fibers on the Da’s as well as a U (1)× U (1) toric action as a residual subsymmetry of the
U3 (1) symmetry of the bulk geometry:

CP 3 : basic divisors Da

T 3 → T 2

U3 (1) → U (1)× U (1)
(4.4)

(2) the edges Σ(ab) of the tetrahedron on which 2-cycles of T 3 shrink to zero. Recall that these
edges, which are described by projective lines, are given by the following intersections,

Σ(ab) = Da ∩ Db . (4.5)

Being toric submanifolds; the complex codimension one divisors Da have as well a toric fibration
which we write as follows:

T 2
a → Da

↓ πa

∆Da

(4.6)
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as well as the Euler characteristic

χ (X) =

∫

CP 3

c3 (X) = 4 (3.14)

in agreement with the Gauss Bonnet theorem for CP 3. Notice that expressing the normalization
condition (3.12) like ∫

CP 3

ω ∧ ω2 = 1, (3.15)

one learns amongst others that that real 2- forms and real 4- forms are dual in CP 3. The same
duality is valid for real 2- cycles Σ and codimension 2 real 4-cycles D that satisfy the following
pairings:

⟨Σ, D⟩CP 3 = 1 ,∫
D
ω2 = 1 ,∫

Σ
ω = 1 ,

(3.16)

Notice moreover that the 2-form ω is the curvature of a line bundle L∗ whose complex conjugate
L is precisely the generating line bundle over CP 3 with total Chern class,

ctot (L) = 1− ω. (3.17)

A remarkable line bundle over CP 3 is given by the maximum exterior power of the cotangent
bundle T ∗X with X = CP 3. This is the canonical line bundle

K = (T ∗X) ∧ (T ∗X) ∧ (T ∗X) (3.18)

whose Chern class given by ctot (K) = 1− 4ω with c1 (K) = −4ω. From these relations, we learn
that K is the fourth power of the generating line bundle L,

K = L4 (3.19)

We learn as well that c1 (K) is nothing but c1 (T ∗X) = −c1 (TX).

4. Blown up geometries

First notice that the blow ups of the tetrahedral surface may be classified in two types: toric blow
ups and non toric ones. In this section, we will mainly focus on the toric blow ups which can be
engineered directly from the toric graph ∆T0 given by the figure (2).
Moreover, within the class of toric blow ups, we also distinguish two subsets of toric blow ups of
T0 depending on the dimension of the shrinking cycles:
(1) blow ups of the four vertices of ∆T0 in terms of projective planes CP 2. These are the analogs
of the blow ups we encounter in building del Pezzo surfaces form the projective plane. They are
associated with singularities at isolated points.
(2) blow ups the edges of ∆T0 by using projective lines CP 1. This kind of blow ups has no analog
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in the blowing up of CP 2. The blown ups surfaces will be denoted as T ′
k .

Recall that at the four vertices of the tetrahedron ∆CP 3 , a 3-torus T 3 shrinks to zero

vertex : T 3 → 0 , (4.1)

while on its six the edges we have shrinking 2-tori.

edge : T 2 → 0 . (4.2)

Below, we study these two kinds of blow ups by first considering blowing ups by projective planes
by essentially mimicking the building of del Pezzo surfaces in terms of the blow ups of CP 2

considered in section 2.

4.1. Blow ups of points by CP2s

To start notice that by thinking about the complex tetrahedral surface T0 ∼ T 2 × ∆T0 as a toric
submanifold of CP 3 ∼ T 3 ×∆CP 3 , that is roughly as its toric boundary; see also footnote (2),

∆T0 = ∂ (∆CP 3) , T0 ∼ ∂ (CP 3)toric , (4.3)

one can construct the leading terms of the family {Tn} of the blown ups of the complex tetrahe-
dral surface just by help of the power of toric geometry. Indeed, using the toric relation ∆T0 =
∂ (∆CP 3), one sees that the toric action U3 (1) generated by translations on the fiber T 3 of CP 3

(3.8) has fix points associated with shrinking p- cycles in T 3. These are:
(1) the divisors of CP 3; in particular for the four basic Da given by eqs(3.5). On these basic divi-
sors, a 1-cycle of the 3-torus T 3 fibration in the bulk of ∆CP 3 shrinks to zero. As such one is left
with T 2 fibers on the Da’s as well as a U (1)× U (1) toric action as a residual subsymmetry of the
U3 (1) symmetry of the bulk geometry:

CP 3 : basic divisors Da

T 3 → T 2

U3 (1) → U (1)× U (1)
(4.4)

(2) the edges Σ(ab) of the tetrahedron on which 2-cycles of T 3 shrink to zero. Recall that these
edges, which are described by projective lines, are given by the following intersections,

Σ(ab) = Da ∩ Db . (4.5)

Being toric submanifolds; the complex codimension one divisors Da have as well a toric fibration
which we write as follows:

T 2
a → Da

↓ πa

∆Da

(4.6)
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4.1.1. Blow ups of CP3

By mimicking the analysis of section 2 regarding the construction of the eight del Pezzo surfaces
dPn from the projective plane CP 2 and using group theoretical arguments5, one learns that we
may a priori perform up to fifteen blow ups of points in CP 3 by projective planes. In these blow
ups, the fifteen points which we denote as

P1, ..., P15 ∈ CP 3 , (4.10)

get replaced by exceptional projective planes �i; i = 1, ..., 15. Because the complex dimension of
CP 3 is odd, we don’t have a self dual homological mid- class and so the derivation of the number
15 need a little bit more work than in the CP 2 case. A way to get this number is to compute the
pairing product ⟨ΩkΩ

∗
k⟩ of the following real 4- cycle Ωk and its dual 2- cycle Ω∗

k,

Ωk = 4G−
∑k

i=1 �i ,
Ω∗

k = 4H −
∑k

i=1 Ei .
(4.11)

In these relations G is a hyperplane in CP 3 and �i are the generators of the blow ups. The
generators H ≡ G∗ and Ei ≡ �∗

i are respectively the dual classes of G and �i satisfying the
following pairing products

⟨H,G⟩ = 1 , ⟨Ei,�j⟩ = −δij ,
⟨G,G⟩ = 0 , ⟨Ei, Fj⟩ = 0 ,
⟨H,H⟩ = 0 , ⟨�i,�j⟩ = 0 .

(4.12)

Using these relations, we can compute the product ⟨ΩkΩ
∗
k⟩ in terms of the positive integer k. We

find
⟨ΩkΩ

∗
k⟩ = 16− k. (4.13)

Positivity of this pairing product requires that the integer k should be less than 16. From this result,
we learn that the complex tetrahedral surface T0 has a family {Tk} of fifteen cousins

T1 , . . . , T15 , (4.14)

obtained by blown ups of isolated points of T0 by projective planes CP 2. We will see later that
the complex tetrahedral surface T0 has a second family {T ′

m} of thirty five cousins. But before
coming to that notice the complex codimension one divisor T0 of the complex projective space
CP 3 is described by the real 4- cycles

Ω0 = 4G, (4.15)

where, in toric language, the number 4 in above relation refers to the four basic divisors Da. Sim-
ilarly, we have the dual class Ω∗

0 = 4H associated with the classes of complex lines normal to the
class of the complex surfaces Da of the complex three dimension space CP 3.

5Notice that CP 2 ⊂ C3 with dimension of the structure group as dim SU (3) = 8. We also have CP 3 ⊂ C4 with
dim SU (4) = 15.
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where the toric polytope describing ∆Da is a triangle. Similarly, the intersecting curve Σ(ab) of the
two divisors Da and Db is also toric with the typical fibration

S1
(ab) → Σ(ab)

↓ π(ab)

∆Σ(ab)

(4.7)

where now ∆Σ(ab)
is represented by a segment of a straight line. As such, along the curves Σ(ab) the

bulk 3- cycles of T 3 shrinks down to a 1- cycle fibers S1
(ab) fibers and the U3 (1) bulk toric action

gets reduced to U (1).
CP 3 edges Σ(ab)

T 3 → S1
(ab)

U3 (1) → U(ab) (1)
(4.8)

At each point of these projective lines Σ(ab) lives then an ordinary A1 type singularity associated
with the shrinking of T 2 whose blow up is done in terms of a real two sphere.
(3) the vertices P(abc) of the tetrahedron given by the tri- intersection,

P(abc) = Da ∩ Db ∩ Dc . (4.9)

At these four vertices, the 3-cycle T 3 in the bulk geometry shrinks completely to zero and one is
left with a larger singularity involving three intersecting ordinary A1 type singularities which might
be thought of as the affine A2 type singularity depicted in the figure (3). Using the toric fibrations
(4.6) of the basic divisors Da, we clearly see that each ordinary A1 singularity is associated with
the shrinking of the T 2

a torus at the tri- vertex intersection (4.9).

Figure 3: The Dynkin diagram of the affine A2 singularity. Viewed as the intersecting of three
divisors Di ∼ T 2

i ×∆i, the singularity at the vertex Pabc = Da∩Db∩Dc involves the simultaneous
shrinking of the three T 2

i s to zero. Each node is associated with the shrinking of one of the T 2
i s

interpreted as an ordinary A1 singularity.

With these features on the toric projective space CP3 and their links to the toric tetrahedral surface
T0 in mind, we turn now to study the toric blow ups of the tetrahedron.
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4.1.2. Blowing up the vertices

One blow up: geometry T1

The blow up of one of the four vertices of the tetrahedron ∆T0 ; say the fourth vertex P4 in the
diagram (2); is depicted in figure (4).

Figure 4: Surface T1; it is given by the blow up of the vertex P4 of the tetrahedron by a projective plane
CP 2 which is described by the triangle [P4Q4R4].

In toric language, the blow up of the point P4 by a projective plane amounts to replace the vertex
P4 of the tetrahedron by a triangle [P4Q4R4], that is making the substitution

P4 → [P4Q4R4] . (4.24)

As a consequence the tetrahedron ∆T0 gets deformed to a complex geometry with toric graph ∆T1
having five faces. These faces are as follows:
(i) two triangles

[P1P2P3] , [P4Q4R4] , (4.25)

representing two non intersecting projective planes CP 2
1 and CP 2

2 . This non intersecting prop-
erty of the two projective planes is easily read in the toric geometry language by determining the
intersection of the above triangles:

[P1P2P3] ∩ [P4Q4R4] = ∅ . (4.26)

(ii) three quadrilaterals

[P1P2P4Q4] , [P1P3P4R4] , [P2P3Q4R4] , (4.27)

describing three intersecting del Pezzo surfaces dP (1)
1 , dP (2)

1 and dP
(3)
1 . These intersections may

be directly read from the polytope ∆T1 of the figure (4). We have:

[P1P4] = [P1P2P4Q4] ∩ [P1P3P4R4] ,
[P2Q4] = [P1P2P4Q4] ∩ [P2P3Q4R4] ,
[P3R4] = [P1P3P4R4] ∩ [P2P3Q4R4] ,

(4.28)
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Regarding the second family {T ′
m} of cousins of the complex tetrahedral surface T0, notice that

along with the divisor class Ω0 given by eq(4.15), we may also define the 2- cycle class Υ0 associ-
ated with the six edges Σ(ab) of the tetrahedron,

Υ0 = 6H. (4.16)

Its dual class is given by the real 4- cycle Υ∗
0 = 6G and it describes the class of the six complex

surfaces Γ(ab) in CP 3 that are normal to the edges Σ(ab). Moreover, using the exceptional curves
Ei, one may define in general the following real 2- cycles class

Υn = 6H −
n∑

i=1

Ei, (4.17)

where a priori n is a positive integer. Computing the pairing ⟨ΥnΥ
∗
n⟩ where Υ∗

n stands for the dual
4-cycle class which reads in terms of the generators G and �i like Υ∗

n = 6G−
∑n

i=1 �i, we get

⟨ΥnΥ
∗
n⟩ = 36− n, (4.18)

whose positivity require that n should be less than 36. From this result, we learn that we may
perform up to 35 blow ups by projective line in CP 3; these are precisely the second family of
cousins of the complex tetrahedron

T ′
1 , . . . , T ′

35 . (4.19)

Furthermore, we may define as well generic real 4- cycles [Ca] in the complex three dimension
space CP 3. They are given by the following linear combination

Ca = naG−
∑

i mai�i , (4.20)

with ∫
G
ω2 = +1 ,

∫
�i
ω2 = −1 , (4.21)

and where the 2- form ω is as in eqs(3.11-3.17) and where na and mai are integers. By duality,
we also have the real 2- cycles basis [Σa] ≡ [C∗

a ] in CP 3 which are given by the following linear
combination

Σa = naH −
∑

i maiEi , (4.22)

with ∫
H
ω = +1 ,

∫
Ei
ω = −1 .

The real 2-cycles Σa are in some sense the normal to the real 4-cycles Ca in the complex space
CP 3. Their intersection is given by the pairing product; we have:

⟨CaΣb⟩ = nanb −
∑
i

maimbi. (4.23)

We end these comments by recalling that alike in the blowing up of CP 2, here also we have the two
kinds of blow ups: toric and non toric. In what follows, we consider the toric blow ups concerning
the blowing up of the vertices and the edges of the tetrahedron. The blowing of the vertices will
be done in terms of projective planes while those of the edges will be done in terms of projective
line.
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4.1.2. Blowing up the vertices

One blow up: geometry T1

The blow up of one of the four vertices of the tetrahedron ∆T0 ; say the fourth vertex P4 in the
diagram (2); is depicted in figure (4).

Figure 4: Surface T1; it is given by the blow up of the vertex P4 of the tetrahedron by a projective plane
CP 2 which is described by the triangle [P4Q4R4].

In toric language, the blow up of the point P4 by a projective plane amounts to replace the vertex
P4 of the tetrahedron by a triangle [P4Q4R4], that is making the substitution

P4 → [P4Q4R4] . (4.24)

As a consequence the tetrahedron ∆T0 gets deformed to a complex geometry with toric graph ∆T1
having five faces. These faces are as follows:
(i) two triangles

[P1P2P3] , [P4Q4R4] , (4.25)

representing two non intersecting projective planes CP 2
1 and CP 2

2 . This non intersecting prop-
erty of the two projective planes is easily read in the toric geometry language by determining the
intersection of the above triangles:

[P1P2P3] ∩ [P4Q4R4] = ∅ . (4.26)

(ii) three quadrilaterals

[P1P2P4Q4] , [P1P3P4R4] , [P2P3Q4R4] , (4.27)

describing three intersecting del Pezzo surfaces dP (1)
1 , dP (2)

1 and dP
(3)
1 . These intersections may

be directly read from the polytope ∆T1 of the figure (4). We have:

[P1P4] = [P1P2P4Q4] ∩ [P1P3P4R4] ,
[P2Q4] = [P1P2P4Q4] ∩ [P2P3Q4R4] ,
[P3R4] = [P1P3P4R4] ∩ [P2P3Q4R4] ,

(4.28)
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where �1 and �2 generate the blown ups of the points

P3 → [P3Q3R3] ,
P4 → [P4Q4R4] . (4.32)

T3 and T4 geometries
Similar analysis may be done for the blown up of three and four vertices. For the blown up of
three vertices; say P2, P3 and P4, one gets a polytope ∆T3 with seven intersecting faces: (i) three
triangles, (ii) three pentagons and (iii) an hexagon,

triangles : [P2Q2R2] , [P3Q3R3] , [P4Q4R4] ,
pentagons : [P1P2R2Q4P4] , [P1P3R3R4P4] , [P2Q3R3Q4R4] ,
hexagon : [R2Q2Q3R3Q4R4] .

(4.33)

For the blown up of the four vertices of the tetrahedron, one obtains the geometry depicted in the
figure (6),

Figure 6: Geometry T4; its given by the blow up of the four vertices of the tetrahedron by a
projective planes CP 2.

The resulting toric graph ∆T4 has twelve vertices and eight faces given by four triangles describing
four exceptional projective planes and four hexagons associated with the del Pezzo surfaces dP3.

4.2. Blow ups by CP1s

Here also we restrict our analysis to the toric blow ups concerning the A1 singularities degenerating
along the edges Σ(ab) eqs(4.5-4.7) of the tetrahedron ∆T0 . To that purpose, notice first that contrary
to the familiar cases where 2- cycle degeneracies takes place at isolated points on manifolds, here
the A1 singularity take place along the edges of the tetrahedron ∆T0 ; that is for all those points P
of the tetrahedron ∆T0 where a 2- torus shrinks down to zero.
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Notice that using the generator G and �i, we can define the blow up surface represented by the
polytope ∆T1 in terms of the ”canonical 4- cycle” as follows:

Ω1 = 4G−�1, (4.29)

where �1 generates the blow up (4.24). Notice also the emergence of the del Pezzo surfaces
dP1 into the geometry of the blown up of the complex tetrahedral surface. This result is not a
strange thing since it was expected from the analysis of section 2 since after all the blown up of
the tetrahedron involves implicitly the blowing up of projective planes constituting the tetrahedral
surface.

Two blow ups: geometry T2

In the case of the blown up of two vertices of the tetrahedron, say the third vertex P3 and the fourth
P4 one, we get a geometry T2 that involves more intersecting del Pezzo surfaces. The toric graph
∆T2 of this blown up surface is depicted in figure (5),

Figure 5: Surface T2; it is given by the blow up of the vertices P3 and P4 of the tetrahedron by two
respective projective planes CP 2

1 and CP 2
2 described by the triangles [P3Q3R3] and [P4Q4R4].

The corresponding polytope ∆T2 has six intersecting faces as reported in the following table,

triangles : [P3Q3R3] , [P4Q4R4] ,
quadrilaterals : [P1P2P4Q4] , [P1P2P3Q3] ,
pentagons : [P1P3R3R4P4] , [P2Q3R3Q4R4] , (4.30)

from which one may read directly the intersections. The triangles describe respectively two pro-
jective planes dP (1)

0 and dP
(2)
0 , the quadrilaterals describe two del Pezzo dP1 surfaces defining the

third and the fourth faces dP (3)
1 and dP

(4)
1 and the pentagons are associated with two del Pezzo dP2

geometries giving the fifth and the sixth faces dP (5)
2 and dP

(6)
2 .

Using the real 4- cycle generators G and �i, the real 4- cycle class [Ω2] describing the two blow
ups of the tetrahedron is given by

Ω2 = 4G−�1 −�2 , (4.31)
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where �1 and �2 generate the blown ups of the points

P3 → [P3Q3R3] ,
P4 → [P4Q4R4] . (4.32)

T3 and T4 geometries
Similar analysis may be done for the blown up of three and four vertices. For the blown up of
three vertices; say P2, P3 and P4, one gets a polytope ∆T3 with seven intersecting faces: (i) three
triangles, (ii) three pentagons and (iii) an hexagon,

triangles : [P2Q2R2] , [P3Q3R3] , [P4Q4R4] ,
pentagons : [P1P2R2Q4P4] , [P1P3R3R4P4] , [P2Q3R3Q4R4] ,
hexagon : [R2Q2Q3R3Q4R4] .

(4.33)

For the blown up of the four vertices of the tetrahedron, one obtains the geometry depicted in the
figure (6),

Figure 6: Geometry T4; its given by the blow up of the four vertices of the tetrahedron by a
projective planes CP 2.

The resulting toric graph ∆T4 has twelve vertices and eight faces given by four triangles describing
four exceptional projective planes and four hexagons associated with the del Pezzo surfaces dP3.

4.2. Blow ups by CP1s

Here also we restrict our analysis to the toric blow ups concerning the A1 singularities degenerating
along the edges Σ(ab) eqs(4.5-4.7) of the tetrahedron ∆T0 . To that purpose, notice first that contrary
to the familiar cases where 2- cycle degeneracies takes place at isolated points on manifolds, here
the A1 singularity take place along the edges of the tetrahedron ∆T0 ; that is for all those points P
of the tetrahedron ∆T0 where a 2- torus shrinks down to zero.
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Figure 7: Surface T ′
1 ; it is given by the blow up of a edge [P2P4] of the graph fig(2) by a projective

planes CP 1. The resulting geometry is a del Pezzo surface described by the polygon [P2Q2P4Q4].
The full geometry has five faces del Pezzo surfaces whose intersections are directly read fom the
toric graph.

4.2.3. Blowing up the edge [P1P3] and [P2P4]

The blow up of two edges of the tetrahedron by projective lines is depicted in the figure (8). The
edges [P1P3] and [P2P4] have been replaced by the quadrilaterals [P1Q1P3Q3] and [P2Q2P4Q4].
The obtained polytope has six quadrilateral faces describing six intersecting del Pezzo surfaces
dP1.

Figure 8: Surface T ′
2 : it is given by the blow up of two edges of the tetrahedron fig(2): [P1P3] →

[P1Q1P3Q3] and [P2P4] → [P2Q2P4Q4]. The resulting geometry has eight vertices, twelve edges
and six faces describing six intersecting del Pezzo surfaces dP1s. The intersections are directly
read on this graph.

5. Conclusion and discussions

Motivated by F-theory- GUT models building along the line of the BHV approach [11, 12, 13]
and guided by special properties of the toric fibration of complex surfaces, we have studied in this
paper two families of blowing up of the complex tetrahedral surfaces T0. These families, which
were respectively denoted as Tn with n ≤ 15 and T ′

k with k ≤ 35 are as follows:
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4.2.1. From a edge to a dP1 surface

First recall that in the case of singularities at isolated points the blow up is achieved in terms a
complex surface namely a projective plane CP 2. Here we complete this study by showing that for
the case of the A1 singularity on the edges, the blow up is achieved as well in terms of a complex
surface but this time in terms of dP1 surface.
Indeed, given a segment [AB] describing a projective line CP 1 where at each point P ∈ [AB] lives
a A1 singularity, the blow up of such singularity consists to replace each point P by a segment [PQ]
as it is usually done,

P → [PQ] . (4.34)

This means that each singular point P is substituted by a rational curve. Doing so for all points P
belonging to the segment [AB], we end with the quadrilateral

[AB]× [CD] . (4.35)

The blowing up of an edge [PaPb] of the tetrahedron ∆T0 of the figure (2) corresponds in the
language of toric graphs to the replacement

[PaPb] → PaPb × [QaQb] ∼ [PaQaPbQb] . (4.36)

In complex geometry, the blow up of an edge Σ(ab) ∼ CP 1 of the complex tetrahedral surface
amounts to replace the complex projective line CP 1 by a del Pezzo surface dP1:

CP 1 → dP1 . (4.37)

Let us apply this construction to the blowing up of two independent edges of the tetrahedron ∆T0 ;
say [P1P3] and [P2P4] with [P1P3] ∩ [P2P4] = ∅.
First, we study the blow up of the edge [P2P4] ∈ ∆T0 of the figure (2) and then we consider the
blow up of the two edges [P1P3] and [P2P4].

4.2.2. Blowing up the edge [P2P4]

The blow up of the edge [P2P4] of the tetrahedron of the graph (2) is depicted in the figure (7). The
edge [P2P4], which represents a complex projective line, has been replaced by the quadrilateral
[P2Q2P4Q4]:

[P2P4] → [P2Q2P4Q4] . (4.38)

The obtained polytope has five faces and six vertices where meet three faces as well as three edges.
Regarding the five faces, we have:
(i) two triangles [P1P2P4] and [Q2P3Q4] describing two projective planes.
(ii) three quadrilaterals [P1P2Q2P3], [P2Q2P4Q4], and [P1P3P4Q4] describing dP1 surfaces. These
del Pezzo surfaces intersects mutually and intersect as well with the projective planes.
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planes CP 1. The resulting geometry is a del Pezzo surface described by the polygon [P2Q2P4Q4].
The full geometry has five faces del Pezzo surfaces whose intersections are directly read fom the
toric graph.
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The blow up of two edges of the tetrahedron by projective lines is depicted in the figure (8). The
edges [P1P3] and [P2P4] have been replaced by the quadrilaterals [P1Q1P3Q3] and [P2Q2P4Q4].
The obtained polytope has six quadrilateral faces describing six intersecting del Pezzo surfaces
dP1.
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2 : it is given by the blow up of two edges of the tetrahedron fig(2): [P1P3] →

[P1Q1P3Q3] and [P2P4] → [P2Q2P4Q4]. The resulting geometry has eight vertices, twelve edges
and six faces describing six intersecting del Pezzo surfaces dP1s. The intersections are directly
read on this graph.

5. Conclusion and discussions

Motivated by F-theory- GUT models building along the line of the BHV approach [11, 12, 13]
and guided by special properties of the toric fibration of complex surfaces, we have studied in this
paper two families of blowing up of the complex tetrahedral surfaces T0. These families, which
were respectively denoted as Tn with n ≤ 15 and T ′

k with k ≤ 35 are as follows:
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tetrahedron ∆Tn : faces edges vertices
toric fibers : T 2 → S1 → 0
toric symmetries : U (1)× U (1) → U (1) → 0

(5.6)

In the field theory language, these shrinking generate massless modes which may be interpreted in
terms of massless gauge fields and so gauge symmetry enhancements at the level of the 4D space
time effective field theory. More precisely, given a gauge symmetry Gr that is visible 4D space
time, the gauge symmetry associated with the faces Da of the tetrahedron and its blow ups would
be

Gr × U (1)× U (1) , (5.7)

where the U (1) factors may be interpreted in terms of branes wrapping cycles in the toric fibration.
The bulk invariance (5.7) gets enhanced to a Gr+1×U (1) invariance on the edges Σ(ab) and further
to a Gr+2 gauge symmetry at the vertices P(abc).
In the case where Gr = SU (5) for example, the gauge enhanced symmetry on the edges could
be either SU (6) or SO (10) and at the vertices it may be one of the following enhanced gauge
symmetries

SU (7) , SO (12) , E6 . (5.8)

We end this conclusion by adding a comment regarding the way the tetrahedron surface and its
blown up cousins Tn and T ′

k could be used in practice. They should be thought of as the base
surface of the elliptically K3 fibered Calabi-Yau four- folds in the F-theory compactification to 4D
space time,

Y → CY4
↓ πn

Tn

(5.9)

These complex surfaces are wrapped by seven branes with intersections along the edges and at
the vertices. On the edges localize chiral matters Φa

Ra
in bi-fundamental representations while at

the vertices of the toric graphs live a 4D N = 1 supersymmetric Yukawa couplings with chiral
potential,

WY uk =

∫
d4xd2θ

( ∑
a<b<c

λabc

3
Φa

Ra
Φb

Rb
Φc

Rc

)
. (5.10)

where the complex numbers λabc are Yukawa coupling constants. In this 4D N = 1 superspace
relation, Φa

Ra
stands for a family of chiral superfields transforming in representations Ra of the

gauge group Gr × U (1)× U (1) with the constraint equation

Ra ⊗Rb ⊗Rc = 1⊕

(⊕
i

fiabcRi

)
, (5.11)

Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

21

El Hassan Saidi F-theory on tetrahedron

1) the blowing up of the complex three dimension space CP 3 up to fifteen isolated points by
projective planes CP 2. Four of these blow ups are of toric type and have been explicitly studied by
using the power of the standard toric graph representation and n-simplex description. If denoting
by

(CP 3)n,0 , n = 1, ..., 15 , (5.1)

the blowing ups of the CP 3 at n isolated points, then the link between these (CP 3)n,0s and the
blown up tetrahedral surfaces Tn is given by means of toric geometry where roughly the Tns appear
as their toric boundary; see also footnote (2).
Notice that viewed from the CP 3 side, the toric singularity at the tetrahedron vertices P(abc) is given
the shrinking of a real 3-torus of the fibration CP 3 ∼ T 3 × ∆CP 3 . On the complex tetrahedral
surface side however, the visible toric singularity at

P(abc) = Da ∩ Db ∩ Dc, (5.2)

is given by simultaneous shrinking of three 2- tori namely the shrinking of the toric fibers T 2
a , T

2
b

and T 2
c of the respective divisors Da, Db and Dc; see eq(4.6).

2) the blowing up of CP 3 up to thirty five projective lines. Six of these blow ups are of toric
type. These blow ups are different from the (CP 3)n,0 ones since they concern the blown up of A1

singularities. We may refer to them as,

(CP 3)0,k , k = 1, ..., 35 . (5.3)

in order to distinguish them of the previous (CP 3)n,0 family. In this case, the toric singularity
living on the tetrahedron edges

Σ(ab) = Da ∩ Db (5.4)

is associated with the shrinking of a real 2-torus of the fibration CP 3 ∼ T 3 ×∆CP 3 down to S1 as
shown on eq(4.8). Viewed from the divisors Da and Db, the singularity on the edge corresponds to
the shrinking of a 1-cycle along the intersection of Da and Db.
Through this study we learned a set of special features amongst which the two following:
a) the toric blown ups Tn and T ′

k of the complex tetrahedral surface T0 are mainly given by in-
tersecting del Pezzo surfaces dPk. This property is expected from general arguments since the
blowing of the tetrahedron

T = ∪aDa (5.5)

together with the relations (5.2-5.4), amounts to blowing the divisors Da. But these divisors home-
omorphic to CP 2s embedded in CP 3. We have checked this property for the toric blow ups type;
but we don’t have yet the answer whether this result is true as well for the non toric blow ups.
b) Toric geometry has a nice feature which can be used in the engineering of F-theory GUT- like
models building. In going from the faces to the vertices of the tetrahedron, cycles of the toric fibers
shrink down as shown in the following table
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tetrahedron ∆Tn : faces edges vertices
toric fibers : T 2 → S1 → 0
toric symmetries : U (1)× U (1) → U (1) → 0

(5.6)

In the field theory language, these shrinking generate massless modes which may be interpreted in
terms of massless gauge fields and so gauge symmetry enhancements at the level of the 4D space
time effective field theory. More precisely, given a gauge symmetry Gr that is visible 4D space
time, the gauge symmetry associated with the faces Da of the tetrahedron and its blow ups would
be

Gr × U (1)× U (1) , (5.7)

where the U (1) factors may be interpreted in terms of branes wrapping cycles in the toric fibration.
The bulk invariance (5.7) gets enhanced to a Gr+1×U (1) invariance on the edges Σ(ab) and further
to a Gr+2 gauge symmetry at the vertices P(abc).
In the case where Gr = SU (5) for example, the gauge enhanced symmetry on the edges could
be either SU (6) or SO (10) and at the vertices it may be one of the following enhanced gauge
symmetries

SU (7) , SO (12) , E6 . (5.8)

We end this conclusion by adding a comment regarding the way the tetrahedron surface and its
blown up cousins Tn and T ′

k could be used in practice. They should be thought of as the base
surface of the elliptically K3 fibered Calabi-Yau four- folds in the F-theory compactification to 4D
space time,

Y → CY4
↓ πn

Tn

(5.9)

These complex surfaces are wrapped by seven branes with intersections along the edges and at
the vertices. On the edges localize chiral matters Φa

Ra
in bi-fundamental representations while at

the vertices of the toric graphs live a 4D N = 1 supersymmetric Yukawa couplings with chiral
potential,

WY uk =

∫
d4xd2θ

( ∑
a<b<c

λabc

3
Φa

Ra
Φb

Rb
Φc

Rc

)
. (5.10)

where the complex numbers λabc are Yukawa coupling constants. In this 4D N = 1 superspace
relation, Φa

Ra
stands for a family of chiral superfields transforming in representations Ra of the

gauge group Gr × U (1)× U (1) with the constraint equation

Ra ⊗Rb ⊗Rc = 1⊕

(⊕
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where fiabc are some positive integers capturing the multiplicity of the representation Ri. If relaxing
the BHV model to include as well those unrealistic F-theory GUT-like models by allowing exotic
fields, the blow ups geometries Tn and T ′

k may be used to engineer effective quiver gauge theories
that are embedded in F-theory on Calabi-Yau 4-folds. In this view, by using for instance the blown
surface of figure (8) and taking

Gr = SU (5) , (5.12)

we may engineer various 4D N = 1 supersymmetric SU (5) quiver gauge models like the two
ones depicted on the figures (9). For these examples, chiral matters Φa

Ra
localizing on each on of

the twelve edges Σ(ab) transform in on of the following SU(5) representations

Ra ≡ 1 , 5 , 5∗ , 10 . (5.13)

These representations Ra, which carry also charges (qa, q′a) under the U (1)×U (1) toric symmetry,
describe the usual chiral matter 5∗M and 10M as well as its Higgs fields 5up and 5∗down of the SU (5)
GUT model but also exotic matter.
Yukawa couplings localizing at the eight vertices P(abc) of the graph (8) are given by

5∗a × 5∗b × 10c , 5∗a × 5b × 1c , (5.14)

where the singlets 1c stand for right neutrinos-like and right leptons- like. The geometric engineer-
ing of such kind of quiver gauge theories will be extensively developed in [20].

Figure 9: On left we have the quiver gauge diagram of an SU(5) GUT-like model with eight Yukawa
couplings type 5∗a×5∗b×10c. On the right the quiver graph of an SU(5) GUT-like model with four Yukawa
couplings type 5∗a×5∗b×10c and four others of type 5∗a×5b×1c. These two SU (5) GUT-like models have
exotic fields.
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Abstract. In this paper, shallow water equations (SWE) are solved through a variety of meshless meth-
ods known as radial basis functions (RBF) methods. RBF based Meshless methods have gained much
attention in recent years for both the mathematics as well as the engineering community. They have
been extensively popularized owing to their flexibility, power and simplicity in solving partial differ-
ential equations. The technique is of quasi-analytical type and based on the collocation formulation
and does not require the generation of a grid or integrals evaluation. A bundle of techniques such as
MQRBF, IMQRBF, GSSRBF, CSRBF are formulated for the specific case of shallow water equations
(SWE), with adequate parameters, these techniques show robustness and low computational costs. For
validation purposes, two applications are presented. One deals with Burger’s equation (2- D), and the
second with a linear two-dimensional hydrodynamics model of rectangular channel shape. Finally a
third application concerning a real case study of the hydrodynamic of the Ourika valley in Morocco
is investigated aiming at rebuilding the 1995 historical flood wave propagation, therefore delineate
inundated areas, estimate velocities and wave time arrivals.

Key words: Water resources, Burger’s, Shallow-water equations, Radial Basis Functions (RBFs),
Floods, Ourika valley.

1. Introduction
Water resources cover a wide range of problems including preservation of water supply, watershed
management, dam construction for mitigating floods and/or conservation purposes, river, estuaries and
lake management and restoration, groundwater, pollution control, to cite a few examples.
Due to inherent complexity originating from the turbulent nature of flows, the specificity of the domain
geometry which can be very often natural (river, lake, lagoon, estuary, watershed, aquifer, etc..) or man
built and/or regularized (artificial canals, intakes, etc..), historical nature of some data sets and some
other special effects (soil roughness, presence of air, wind, etc), it leads to many difficulties associated
to the identification of domain boundaries, boundary conditions, and grid generation in addition to the
already complex governing equations.
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The governing equations are derived from the conventional conservation laws of mass, momentum, and
energy, and therefore are very similar to those of fluid mechanics. Navier-Stockes (NS) and Reynolds
averaged Navier-Stockes (RANS) variants (depth averaged, turbulence closure models, friction factors,
simplifications) are the governing equations for many flow situations.
In this paper we will restrict ourselves to the so-called shallow water equations (SWE) that are de-
rived by depth averaging of the RANS equations, reducing the dimensionality of the problem by one
and thus computational time. But these equations require discretisation when using conventional nu-
merical techniques such as finite difference, finite element or finite volume methods leading to high
computational costs.
After an introduction to one of the basic fluid mechanics equations namely Burger’s widely known
to represent a class of physical problems and to serve for numerical benchmarks, both linear and non
linear wave propagation problems are considered. They are widely applied for floods / dam breaking,
weirs, tidal flows and storm surges.

The computational cost of discretisation based methods is avoided by the use of a mesh-free method
known as radial basis functions (RBFs) method. Applications of radial basis functions have gained quite
some importance over the past years. They have been successfully applied to large variety of problems
[4, 7, 8, 9], [11, 12, 13, 15] and [2, 20, 26]. A major advantage of using RBFs is that the collocation
points on the domain do not need to be uniformly spaced. One of the most popular choices for global
RBFs is the multiquadric (MQ) approximation first introduced by Hardy [19]. In Kansa’s method [17],
a function is first approximated by an RBF, and its derivatives are then obtained by differentiating the
RBF. Since (MQ) is infinitely smooth function [18], The corresponding numerical results demonstrated
that the MQ scheme was more accurate and efficient than the other traditional methods. The MQ
method, however requires one to solve a system of equations with a full matrix. This can be extremely
expensive when there are hundreds of collocation points.

The construction of compactly supported radial basis functions (CSRBFs) by Schaback, Wendland
and Wu in [23, 24, 28] has made it possible to overcome the non sparsity of the matrices arising from
global RBFs techniques because CSRBFs can convert the global scheme into a local one. Furthermore,
radial functions of compact support are now being proposed leading to positive definite matrices and
genuinely banded interpolation matrices. In [25], Wendland gives a general formulation, which in-
cludes the Buhmann’s ones [5]. But the proper choice of the support radius and the smoothness of such
functions require some skills and experience of the end user.

In this paper, we set-up efficient algorithms based on Kansa’s RBF and Wendland’s CSRBF for
simulating large scale time-dependent problems for SWE. The RBFs are employed for spatial approxi-
mation in conjunction with an explicit forward difference scheme in time. The proposed scheme is first
applied to classical Burger’s equation in 2-D, and to linear SWE in a rectangular channel for validation
purposes. The RBF scheme is then applied to non-linear SWE, to simulate water elevations, velocities
and wave time arrivals in a real case study ( Ourika Valley in Morocco) to rebuild the 17th August 1995
historical flood effects and delineate inundated areas.
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2. RBF background

2.1. Globally supported radial basis functions
The principal idea of the radial basis interpolation is to interpolate a finite series of an unknown function
f(X) at N distinct points Xj on Ω by the following expansion

f(X) �
N∑

j=1

αjϕ(‖X - Xj‖), (2.1)

where αj’s are the unknown coefficients to be calculated at each time step, and ϕ(‖X - Xj‖) is the
radial basis function, Xj ∈ Rn, j = 1, 2, ..., N , ‖X - Xj‖ = rj , rj is the Euclidean distance rj =√

(x − xj)2 + (y − yj)2 and X = (x, y), Xj = (xj, yj). The most popular RBF is Multiquadric
(MQRBF) (r2

j + c2)1/2, Inverse Multiquadric (IMQRBF) 1/
√

(r2
j + c2)1/2, and Gaussian (GSSRBF)

e−(r/c)2 where c �= 0 is the shape parameter controlling the fitting of a smooth surface to the data.
The lack of the mathematical theory makes it very difficult to choose a suitable c for the current study.
Kansa in [16, 17] found that the computational accuracy of the interpolation can be improved by vary-
ing the shape parameter with the basis function, he employed numerical experiments to resolve the

optimal shape factor c2 given by c2
i = c2

min

(
c2
max/c

2
min

)(i−1)/(N−1)

, where c2
min and c2

max are two input
parameters. For more details see [10]. The analysis of Wong et al. [26] showed that a near-optimal
approximation of the hydrodynamic model can be achieved by using the proposed value 0.815dmin,
where dmin is the minimum distance between any two adjacent collocation points and h is the average
water depth between the two points.

Micchelli [21] has proved that the system of equations (2.1) and (??) has a unique solution for dis-
tinct collocation points. In accordance with this fact Powell (1992) [22] showed that the interpolation
matrix of the MQRBFs is non-singular for any set of distinct points, and that the invertibility is guar-
anteed. Therefore adding polynomial terms to the MQRBFs interpolation is not generally required.
However, this argument may not be applicable to other RBFs [27].

2.2. Locally supported radial basis functions
In numerical analysis, the concept of locally supported basis functions is of general importance. Sev-
eral functions spaces used for approximation possess locally supported basis functions as compactly
supported radial basis function (CSRBFs). The general advantages of compactly supported radial basis
functions are a sparse interpolation matrix on the one hand, and the possibility of a fast evaluation of
the interpolate on the other hand. Thus, it seems to be natural to look for locally supported functions
also in the context of radial basis function interpolation [25].

A family of CSRBFs {ϕl,k} was first introduced by Wu in [28] and later expanded by Wendland
[24] in the mid 1990s. CSRBFs must be strictly positive definite in Rd for all d less than or equal to
fixed value d0. Generally a CSRBF ϕl,k(r) is expressed in the form

ϕl,k(r) = (1 − r)n
+p(r), for k ≥ 1, (2.2)

with the following condition
(1 − r)+ = sup{0, (1 − r)}, (2.3)
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where p(r) is a prescribed polynomial, r is the Euclidean distance. The index l is the dimension
number and 2k is the smoothness of the function. The basis function ϕl,k(r) can be scaled to have
compact support on [0, δ] by replacing r with

r

δ
for δ > 0. Again, the radial basis interpolation is to

interpolate a finite series of an unknown function f(x, y) at N distinct points on Ω by the following
expansion

f(x, y) �
N∑

j=1

αjϕ
δ
l,k

(rj

δj

)
, (2.4)

where ϕδ
l,k is the compactly supported radial basis function, αj’s are the unknown coefficients to be

calculated at each time step and the scaling factor δj can be variable or constant at different node points
j = 1, 2, ..., N depending on the nature of the problem [26].

3. Numerical results

3.1. 2-D Burger’s equations
In this example we solve the nonlinear Burger’s model, which has widely been used in fluid dynamics as
a simplified model for turbulence, boundary layer behavior, shock wave formation and mass transport.
The equations to be solved are given by :

∂u

∂t
= α∆u − (uux + uuy), (x, y) ∈ Ω ⊆ R2, 0 ≤ t ≤ T, (3.1)

u = g(x, y, t), (x, y) ∈ ∂Ω, (3.2)
u = h(x, y, 0), (x, y) ∈ Ω, (3.3)

with ∆u = uxx + uyy in 2D, such that ux =
∂u

∂x
, uy =

∂u

∂y
, ux =

∂2u

∂x2
, uy =

∂2u

∂y2
. The functions

g(x, y, t) and h(x, y) are chosen accordingly so that the exact solution is :

u(x, y, t) =
1

1 + exp
(

x+y−t
2α

) . (3.4)

This problem was also considered in [6, 14]. For time integration, we use of the implicit Θ-weighted
scheme. Therefore equations (3.1) will be of the form :

u(x, t + ∆t) − u(x, t)

∆t
= Θ(α∆u(x, t + ∆t) + f(x, y, t + ∆t))

+(1 − Θ)(α∆u(x, t) + f(x, y, t)), (3.5)

which leads to :

un+1

∆t
− Θ(α∆un+1 − uun+1

x − uun+1
y ) =

un

∆t
+ (1 − Θ)(α∆un − uun

x − uun
y ), (3.6)

we study numerically equations (3.6) by using Wendland’s compactly supported radial basis function
CSRBF interpolation and Kansa’s multiquadric radial basis function MQRBF. We generated 400 col-
location points; 320 collocation points are in the interior and 80 collocation points are on the boundary.
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At each time step n, the values of the variables un at the interior points are calculated using this equa-
tion, while at the boundary points the variables un are determined by the given boundary conditions.
This problem was computed for the case : α = 0.05, 0 ≤ t ≤ 1.25 with compact support δ = 10,
shape parameter c = 0.2, time step ∆t = 0.01s, Θ = 0.5, Kansa’s Multiquadric φ(r) =

√
r2 + c2 and

Wendland CSRBF φ3,2

(
r
δ

)
= (1 − (r/δ))6

+(35(r/δ)2 + 18(r/δ) + 3).
The numerical solution is evaluated at scattered collocation points and the spatial partial derivatives
are formed directly from partial derivatives of the radial basis functions without using any difference
scheme. Figures (1-4) illustrate respectively the numerical results in different times and compare the
simulation of (MQRBF) and (CSRBF) with the exact solutions. The present method is easily imple-
mented, stable, effective and produces highly accurate numerical results comparable to the analytical
solution and to Method of Fundamental Solution MFS - Dual Reciprocity Method DRM which is given
in [14]
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Figure 1: Approximation solutions by (MQRBF, CSRBF and Analytical ) at t = 0.5s with α = 0.05,
c = 0.2, δ = 10, ∆t = 0.01s.
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c = 0.2, δ = 10, ∆t = 0.01s.

4. Shallow water equations

4.1. Linear shallow water equations
We will compare different types of RBFs for shallow water equations (SWE) and study the conver-
gence of these RBFs schemes. In order to compare them with an analytic solution, the linear SWE
is used for a simple sensitivity analysis. This linear SWE is obtained by neglecting the wind stress,
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bottom friction, diffusion and the coriolis force terms [20]. The numerical results obtained by global
Multiquadric (MQRBF), Inverse Multiquadric (IMQRBF), Gaussian (GSSRBF) and local Compactly
Supported (CSRBF) are compared with analytical solution. The equations to be solved are given by

∂η

∂t
+ H(

∂u

∂x
+

∂v

∂y
) = 0,

∂u

∂t
+ g

∂η

∂x
= 0, (4.1)

∂v

∂t
+ g

∂η

∂y
= 0, (4.2)

the analytical solution to this problem is known and given by [26]

η(x, y, t) = η0cos
( ω√

gH
(L − x)

) cosωt

cos( ω√
gH

L)
, (4.3)

u(x, y, t) = −η0

√
g

H
sin

( ω√
gH

(L − x)
) sinωt

cos( ω√
gH

L)
, (4.4)

v(x, y, t) = 0, (4.5)

where η is the water surface elevation, u, v are the depth-averaged advective velocities in x, y directions
respectively. The MQRBF and CSRBF algorithm are applied to a rectangular channel with length
L = 872km, width W = 50km and mean water depth zf = 20m, such that H = zf + η. The initial
and boundary conditions are taken to correspond to the analytical solution. For the time integration
scheme, we used the Euler method of second order (see [26]) :

ηn+1 = ηn − ∆tH{∇.V }n +
(∆t)2

2
Hg{∇2.η}n, (4.6)
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V n+1 = V n − ∆tH{∇η}n +
(∆t)2

2
Hg{∇2.V }n, (4.7)

where V is a vector of the depth-averaged advective velocities in x, y directions respectively. We
approximate all variables and their spatial derivatives by RBFs interpolation, we generate N = 105
,N = 205 and N = 405 collocation points in a rectangular channel. We focus on the case where
N = nx × ny = 61 × 5 = 405 with : 234 collocation points in the interior, 5 collocation points on
the water boundary and 166 on the land boundary (see Figure 5). At each time step n, the values of
the variables ηn, un and vn at the interior points (xi, yi), i = 1, 2, ..., 234 are calculated by RBFs, while
the values of variables at the boundary points (xi, yi), i = 235, 236, ..., 405 are determined by the given
boundary conditions. In the computation, the excitation wave period is taken to be 27 hours. The values
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Figure 5: Domain geometry L=872km ,W=50km, depth=20m with collocation points.

of ηn, un and vn are given by the following MQRBF radial basis function

(ηn, un, vn) =
( N∑

j=1

αn
j (t)

√
r2
ij + c2,

N∑
j=1

βn
j (t)

√
r2
ij + c2,

N∑
j=1

λn
j (t)

√
r2
ij + c2

)
. (4.8)

The same for IMQRBF or GSSRBF and by the following Compact Supported radial basis function
(CSRBF)

ηn(xi, yi, t) =
N∑

j=1

αn
j (t)

(
1 − rij

δ

)6

+

(
3 + 18

rij

δ
+ 35

(rij

δ

)2)
, (4.9)

un(xi, yi, t) =
N∑

j=1

βn
j (t)

(
1 − rij

δ

)6

+

(
3 + 18

rij

δ
+ 35

(rij

δ

)2)
, (4.10)

vn(xi, yi, t) =
N∑

j=1

λn
j (t)

(
1 − rij

δ

)6

+

(
3 + 18

rij

δ
+ 35

(rij

δ

)2)
, (4.11)

which are collocating with a set of data (xi, yi)
N
i=1 over the domain Ω where rij = ((xi − xj)

2 + (yi −
yj)

2)1/2 is the in 2-D. Then we will take :

Φn(xi, yi, t) =
N∑

j=1

αn
j (t)ϕ(rij), (4.12)
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where Φ = [η, u, v]T , ϕ(r) is a radial basis function (MQ, IMQ, GSS or CSRBF). The numerical values
of the unknown spatial derivatives of Φn(xi, yi) is approximated using RBF as (here m = 1, 2) :

∂mΦn

∂xm
(xi, yi, t) =

N∑
j=1

αn
j (t)

∂mϕRBFs
j

∂xm
(xi, yi),

∂mΦn

∂ym
(xi, yi, t) =

N∑
j=1

αn
j (t)

∂mϕRBFs
j

∂ym
(xi, yi).

At each time step n, the numerical solution of the vector Φ(xi, yi, t)
b+d
i=b+1 at the interior points are

computed by substituting the ΦRBFs and t their spatial derivatives into the system (4.1 − 4.2). The
boundary values Φ(xi, yi, t)

b
i=1 are given by boundary conditions.

Figure (6) plots the simulation elevation water surface and velocity in the center point of the domain
by 2D shallow water equations at 50 hours. Figures (7), (8) show the simulation results of velocity
distribution and 3D water surface at 50 hours.
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Figure 6: Analytical and computed water surface elevations and velocity in the center point of the
domain, c = 0.815 ∗ dmin, δ = 107 and ∆t = 100s at 50 hours.
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Figure 8: Water surface at 50 hours.

4.1.1. Error estimates and Stability condition

Accuracy and comparison with methods of the results are computed using the L2-norm and L∞-norm
given by:

‖Error‖L∞ = max|ΦAnalytic − ΦRBF |, ‖Error‖L2 =
( N∑

j=1

|(ΦAnalytic − ΦRBF )2|∆x∆y
)1/2

,

and relative error in L2-norm,

RE =

( ∑N
j=1 |(ΦAnalytic − ΦRBF )2|∆x∆y

)1/2

∑N
j=1 |ΦAnalytic|∆x∆y

,

where ΦAnalytic is the analytical solution, ΦRBF is the simulated one using RBFs method. It is well
established that for stability, ∆t has to be selected at each time step according to the Courant-Friedrichs-
Lewy CFL condition

∆t ≤ C
dmin

max(
√

U ± gH,
√

V ± gH)
, (4.13)

where dmin is the minimum distance between any two adjacent collocation points, g is the gravitational
acceleration and C is the courant number set to be less than unity. Figures 9 - 10 show the comparative
error between RBF methods with analytical solution of linear SWE in 27 hours.
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0 2 4 6 8 10 12 14 16 18 20
0. 1

0.05

0

0.05

0.1

0.15

0.2

T ime Hour

E
rr

o
r 

V
e

lo
ci

ty
 (

u
) 

 

 
MQ
IMQ
G S S
C S

10
0

10
1

10
-9

10
� -8

10
� -7

10
� -6

10
� -5

T ime Hour

 

 
MQ
IMQ
G S S
C S

Figure 10: Error comparison for u, (left) using L∞-norm, (right) using L2 relative error in 27 h.

4.2. Non-linear shallow water equations
We consider the following SWE ([1]):




∂η

∂t
+

∂(UH)

∂x
+

∂(V H)

∂y
= 0,

∂U

∂t
+ U

∂U

∂x
+ V

∂U

∂y
+ g

∂η

∂x
=

1

Hρω

∂

∂x

(
νtH

∂U

∂x

)
+

1

Hρω

∂

∂y

(
νtH

∂U

∂y

)

+g(S0x − Sfx) + fV +
τx

Hρω

,

∂V

∂t
+ U

∂V

∂x
+ V

∂V

∂y
+ g

∂η

∂y
=

1

Hρω

∂

∂x

(
νtH

∂V

∂x

)
+

1

Hρω

∂

∂y

(
νtH

∂V

∂y

)

+g(S0y − Sfy) − fU +
τy

Hρω

,

(4.14)

where x and y are the horizontal coordinates, t is the time, H = H(x, y, t) is the instantaneous total
depth of water, such that H = h + η, η = η(x, y, t) is the free surface elevation, h is the mean depth
of water level, U = U(x, y, t) is the depth-averaged velocity in the x direction, V = V (x, y, t)
is the depth-averaged velocity in the y direction, S0x and S0y are the bottom bed slopes defined
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by : S0x = −∂zf

∂x
and S0y = −∂zf

∂y
, zf being the bed elevation, Sfx and Sfy correspond to the

bottom friction slopes, which are approximated by the Manning formula in the following form :

Sfx =
n2U

√
U2 + V 2

H4/3
,Sfy =

n2V
√

U2 + V 2

H4/3
, where n is the Manning roughness coefficient, τx and

τy are the wind stresses given by: τx = λWx

√
W 2

x + W 2
y , τy = λWy

√
W 2

x + W 2
y , here λ is the surface

friction coefficient, Wx and Wy are the wind stresses in the x and y directions, f is the coriolis force
parameter, g is the gravitational acceleration, ρω is the density of water, νt is the kinematic viscosity.
Some of these parameters are given in the following table :

Parameter n f g ρω ν
Value 0.01 8.55 × 10−5 9.81 1000 10−3

Table 1: Constants coefficients.

4.2.1. Real case: Ourika valley flood

For the numerical experiment, the proposed model is applied to the realistic situation of the Ourika
valley that is located in the high Atlas mountain some forty kilometers south of the city of Marrakech
in Morocco. The flood occurred on August 17, 1995. We simulated the flood wave in order to compute
the water depth profiles, velocities, wave time arrivals at different times of simulation. As no detailed
digital elevation model is available, we used transverse profiles of the river given at 15 stations separated
by 200m on average. The channel considered in this work is 2800m long. The hydrograph of flow’s
rates measured at time of the flood at the station of Aghbalou (the upstream of the catchment area)
is used as an upstream boundary condition. The other calculation parameters have been assessed on
the basis of regional and bibliographical information. Notice that the same study was considered in
[3], the proposed mathematical model was discretized using finite volume method on unstructured
mesh 2D grid with 1102 elements and 609 nodes. In our study we considered only 68 collocation
points and we interpolated the solution on 609 nodes given by unstructured mesh. The geometry of the
channel, collocation points and interpolation points are provided in Figure 11. The hydrograph of flow
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Figure 11: Collocation points (blue) and interpolation nodes (red).

measured at the time of the flood in the station of Aghbalou is used as an upstream boundary condition.
The instantaneous measured flows are represented in Figure 12. The following data concerning the
geometry of the channel, initial and boundary conditions are taken into account.
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• Initial time step : ∆t = 0.01s. CFL value = 0.1, H = 10m anywhere in the channel at t = 0.
η = 0m, U = −0.29m/s and V = 0m/s at t = 0. At the inlet located at x = 3000m:
mean velocities are given in Figure 12 as a boundary condition. At the solid boundaries: normal
velocities are taken equal to zero. At the outlet located at x = 200m: the Newmann condition.
∂nη = ∂nU = ∂nV = 0 is considered.

Figure 13 show the evolution of the water depth (free surface in 3D) for some times of the simulation.
We remark clearly the evolution of the flooding wave. However, in Figures 14, the amplitude of the
elevation is important around the times where the flood occurred exactly at 20h30, for t = 22h, passing
the period of the flood the amplitude of the elevation decrease and becomes normal. It should be noted
that the results found are practically identical to those found in [3], where the authors used the finite
volume method on an unstructured mesh of 1102 triangles. The important point is that the RBF used
in this paper need only some collocation points. So the computational cost is very low compared to the
one obtained using the finite volume method.
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Figure 14: Depth profile at 20h, 20h30min and 20h40min.
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5. Conclusion
In this paper, we set-up some efficient algorithms based on Kansa’s RBF and Wendland’s CSRBF for
simulating large scale time-dependent problems for SWE. The RBFs are employed for spatial approxi-
mation in conjunction with an explicit forward finite difference scheme in time. The proposed scheme
is first applied to classical Burger’s equation in 2-D, and to linear SWE in a rectangular channel for
validation purposes. A real case study was then investigated. It concerns the Ourika Valley in Morocco
threatened by the 1995 flood which injured more than 1300 people and made significant damages to re-
build the inundated areas and understand the flood wave propagation mechanisms. The results obtained
with simplicity and very small computation CPU time, for this realistic application show the consis-
tency and robustness of the suggested numerical model and that it could be used reliably in Ourika or
other real field sites for further events simulations.
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Abstract. We consider the parameter estimation problem for the non-ergodic fractional Ornstein-
Uhlenbeck process defined as dXt = θXtdt + dBt, t ≥ 0, with a parameter θ > 0, where B
is a fractional Brownian motion of Hurst index H ∈ (1

2
, 1). We study the consistency and the

asymptotic distributions of the least squares estimator θ̂t of θ based on the observation {Xs, s ∈
[0, t]} as t → ∞.

Key words: Parameter estimation, Non-ergodic fractional Ornstein-Uhlenbeck process, Young
integral.

1. Introduction
We consider the Ornstein-Uhlenbeck process X = {Xt, t ≥ 0} given by the following linear sto-
chastic differential equation

X0 = 0; dXt = θXtdt + dBt, t ≥ 0, (1.1)

where B is a fractional Brownian motion of Hurst index H > 1
2

and θ ∈ (−∞,∞) is an unknown
parameter. An interesting problem is to estimate the parameter θ when one observes the whole
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is, θ̂t converges almost surely to θ, as t goes to infinity. Secondly, we investigate the asymptotic
distribution of our estimator θ̂t in the case H > 1

2
. We obtain that (see Theorem 5)

eθt
(
θ̂t − θ

)
law−→ 2θC(1) as t −→ ∞,

with C(1) the standard Cauchy distribution with the probability density function 1
π(1+x2)

; x ∈ R.

2. Preliminaries
In this section we describe some basic facts on the stochastic calculus with respect to a fractional
Brownian motion. For more complete presentation on the subject, see [11], [1] and [10].
The fractional Brownian motion (Bt, t ≥ 0) with Hurst parameter H ∈ (0, 1), is defined as a
centered Gaussian process starting from zero with covariance

RH(t, s) = E(BtBs) =
1

2

(
t2H + s2H − |t − s|2H

)
.

We assume that B is defined on a complete probability space (Ω,F , P ) such that F is the sigma-
field generated by B. By Kolmogorov’s continuity criterion and the fact

E (Bt − Bs)
2 = |s − t|2H ; s, t ≥ 0,

we deduce that B has Hölder continuous paths of order H − ε, for all ε ∈ (0, H).
Fix a time interval [0, T ]. We denote by H the canonical Hilbert space associated to the frac-

tional Brownian motion B. That is, H is the closure of the linear span E generated by the indicator
functions 1[0,t], t ∈ [0, T ] with respect to the scalar product

〈1[0,t], 1[0,s]〉 = RH(t, s).

The application ϕ ∈ E −→ B(ϕ) is an isometry from E to the Gaussian space generated by B and
it can be extended to H.
If H > 1

2
the elements of H may be not functions but distributions of negative order (see [13]).

Therefore, it is of interest to know significant subspaces of functions contained in it.
Let |H| be the set of measurable functions ϕ on [0, T ] such that

‖ϕ‖2
|H| := H(2H − 1)

∫ T

0

∫ T

0

|ϕ(u)||ϕ(v)||u − v|2H−2dudv < ∞.

Note that, if ϕ, ψ ∈ |H|,

E(B(ϕ)B(ψ)) = H(2H − 1)

∫ T

0

∫ T

0

ϕ(u)ψ(v)|u − v|2H−2dudv.

It follows actually from [13] that the space |H| is a Banach space for the norm ‖.‖|H| and it is
included in H. In fact,

L2([0, T ]) ⊂ L
1
H ([0, T ]) ⊂ |H| ⊂ H.
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trajectory of X . First, let us recall some results in the case when B is a standard Brownian motion.
In this special case, the parameter estimation for θ has been well studied by using the classical
maximum likelihood method or by using the trajectory fitting method. If θ < 0 (ergodic case), the
maximum likelihood estimator (MLE) of θ is asymptotically normal (see Liptser and Shiryaev [9],
Kutoyants [8]). If θ > 0 (non-ergodic case), the MLE of θ is asymptotically Cauchy (see Basawa
and Scott [3], Dietz and Kutoyants [4]). Recently, in a more general context, several authors
extended this study to some generalizations of Ornstein-Uhlenbeck process driven by Brownian
motion (for instance, Barczy and Pap [2]). Similar properties of the asymptotic behaviour of MLE
has also been obtained with respect to the trajectory fitting estimators (see Dietz and Kutoyants
[4]).

When B is replaced by an α-stable Lévy motion in the equation (1.1), Hu and Long [6] dis-
cussed the parameter estimation of θ in both the ergodic and the non-ergodic cases. They used the
trajectory fitting method combined with the weighted least squares technique.

Now, let us consider a parameter estimation problem of the parameter θ for the fractional
Ornstein-Uhlenbeck process X of (1.1).

In the case θ < 0 (corresponding to the ergodic case), Hu and Nualart [7] studied the parameter
estimation for θ by using the least squares estimator (LSE) defined as

θ̂t =

∫ t

0
XsdXs∫ t

0
X2

s ds
, t ≥ 0. (1.2)

This LSE is obtained by the least squares technique, that is, θ̂t (formally) minimizes

θ �−→
∫ t

0

∣∣∣Ẋs + θXs

∣∣∣
2

ds.

To obtain the consistency of the LSE θ̂t, the authors of [7] are forced to consider
∫ t

0
XsdXs as

a Skorohod integral rather than Young integral in the definition (1.2). Assuming
∫ t

0
XsdXs is a

Skorohod integral and θ < 0, they proved the strong consistence of θ̂t if H ≥ 1
2
, and that the LSE

θ̂t of θ is asymptotically normal if H ∈ [1
2
, 3

4
). Their proof of the central limit theorem is based on

the fourth moment theorem of Nualart and Peccati [12].
In this paper, our purpose is to study the non-ergodic case corresponding to θ > 0. More pre-

cisely, we shall estimate θ by the LSE θ̂t defined in (1.2), where in our case, the integral
∫ t

0
XsdXs

is interpreted as a Young integral. Indeed in that case, we have θ̂t =
X2

t

2 t
0 X2

s ds
which converges

almost surely to θ, as t tends to infinity (see Theorem 1). Moreover, it turned out that the path-wise
approach is the preferred way to simulate numerically an estimator θ̂t. Our technics used in this
work are inspired from the recent paper by Es-Sebaiy and Nourdin [5].

The organization of our paper is as follows. Section 2 contains the presentation of the basic
tools that we will need throughout the paper: fractional Brownian motion, Malliavin derivative,
Skorohod integral, Young integral and the link between Young and Skorohod integrals. The aim
of Section 3 is twofold. Firstly, we prove when H > 1

2
the strong consistence of the LSE θ̂t, that

Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

2



43Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

R. Belfadli et al. Parameter Estimation for FOU Processes: Non-Ergodic Case

is, θ̂t converges almost surely to θ, as t goes to infinity. Secondly, we investigate the asymptotic
distribution of our estimator θ̂t in the case H > 1

2
. We obtain that (see Theorem 5)

eθt
(
θ̂t − θ

)
law−→ 2θC(1) as t −→ ∞,

with C(1) the standard Cauchy distribution with the probability density function 1
π(1+x2)

; x ∈ R.

2. Preliminaries
In this section we describe some basic facts on the stochastic calculus with respect to a fractional
Brownian motion. For more complete presentation on the subject, see [11], [1] and [10].
The fractional Brownian motion (Bt, t ≥ 0) with Hurst parameter H ∈ (0, 1), is defined as a
centered Gaussian process starting from zero with covariance

RH(t, s) = E(BtBs) =
1

2

(
t2H + s2H − |t − s|2H

)
.

We assume that B is defined on a complete probability space (Ω,F , P ) such that F is the sigma-
field generated by B. By Kolmogorov’s continuity criterion and the fact

E (Bt − Bs)
2 = |s − t|2H ; s, t ≥ 0,

we deduce that B has Hölder continuous paths of order H − ε, for all ε ∈ (0, H).
Fix a time interval [0, T ]. We denote by H the canonical Hilbert space associated to the frac-

tional Brownian motion B. That is, H is the closure of the linear span E generated by the indicator
functions 1[0,t], t ∈ [0, T ] with respect to the scalar product

〈1[0,t], 1[0,s]〉 = RH(t, s).

The application ϕ ∈ E −→ B(ϕ) is an isometry from E to the Gaussian space generated by B and
it can be extended to H.
If H > 1

2
the elements of H may be not functions but distributions of negative order (see [13]).

Therefore, it is of interest to know significant subspaces of functions contained in it.
Let |H| be the set of measurable functions ϕ on [0, T ] such that

‖ϕ‖2
|H| := H(2H − 1)

∫ T

0

∫ T

0

|ϕ(u)||ϕ(v)||u − v|2H−2dudv < ∞.

Note that, if ϕ, ψ ∈ |H|,

E(B(ϕ)B(ψ)) = H(2H − 1)

∫ T

0

∫ T

0

ϕ(u)ψ(v)|u − v|2H−2dudv.

It follows actually from [13] that the space |H| is a Banach space for the norm ‖.‖|H| and it is
included in H. In fact,

L2([0, T ]) ⊂ L
1
H ([0, T ]) ⊂ |H| ⊂ H.
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trajectory of X . First, let us recall some results in the case when B is a standard Brownian motion.
In this special case, the parameter estimation for θ has been well studied by using the classical
maximum likelihood method or by using the trajectory fitting method. If θ < 0 (ergodic case), the
maximum likelihood estimator (MLE) of θ is asymptotically normal (see Liptser and Shiryaev [9],
Kutoyants [8]). If θ > 0 (non-ergodic case), the MLE of θ is asymptotically Cauchy (see Basawa
and Scott [3], Dietz and Kutoyants [4]). Recently, in a more general context, several authors
extended this study to some generalizations of Ornstein-Uhlenbeck process driven by Brownian
motion (for instance, Barczy and Pap [2]). Similar properties of the asymptotic behaviour of MLE
has also been obtained with respect to the trajectory fitting estimators (see Dietz and Kutoyants
[4]).

When B is replaced by an α-stable Lévy motion in the equation (1.1), Hu and Long [6] dis-
cussed the parameter estimation of θ in both the ergodic and the non-ergodic cases. They used the
trajectory fitting method combined with the weighted least squares technique.

Now, let us consider a parameter estimation problem of the parameter θ for the fractional
Ornstein-Uhlenbeck process X of (1.1).

In the case θ < 0 (corresponding to the ergodic case), Hu and Nualart [7] studied the parameter
estimation for θ by using the least squares estimator (LSE) defined as

θ̂t =

∫ t

0
XsdXs∫ t

0
X2

s ds
, t ≥ 0. (1.2)

This LSE is obtained by the least squares technique, that is, θ̂t (formally) minimizes

θ �−→
∫ t

0

∣∣∣Ẋs + θXs

∣∣∣
2

ds.

To obtain the consistency of the LSE θ̂t, the authors of [7] are forced to consider
∫ t

0
XsdXs as

a Skorohod integral rather than Young integral in the definition (1.2). Assuming
∫ t

0
XsdXs is a

Skorohod integral and θ < 0, they proved the strong consistence of θ̂t if H ≥ 1
2
, and that the LSE

θ̂t of θ is asymptotically normal if H ∈ [1
2
, 3

4
). Their proof of the central limit theorem is based on

the fourth moment theorem of Nualart and Peccati [12].
In this paper, our purpose is to study the non-ergodic case corresponding to θ > 0. More pre-

cisely, we shall estimate θ by the LSE θ̂t defined in (1.2), where in our case, the integral
∫ t

0
XsdXs

is interpreted as a Young integral. Indeed in that case, we have θ̂t =
X2

t

2 t
0 X2

s ds
which converges

almost surely to θ, as t tends to infinity (see Theorem 1). Moreover, it turned out that the path-wise
approach is the preferred way to simulate numerically an estimator θ̂t. Our technics used in this
work are inspired from the recent paper by Es-Sebaiy and Nourdin [5].

The organization of our paper is as follows. Section 2 contains the presentation of the basic
tools that we will need throughout the paper: fractional Brownian motion, Malliavin derivative,
Skorohod integral, Young integral and the link between Young and Skorohod integrals. The aim
of Section 3 is twofold. Firstly, we prove when H > 1

2
the strong consistence of the LSE θ̂t, that
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where the fn ∈ H�n are uniquely determined by F .
Fix T > 0. Let f, g : [0, T ] −→ R are Hölder continuous functions of orders α ∈ (0, 1) and

β ∈ (0, 1) with α+β > 1. Young [14] proved that the Riemann-Stieltjes integral (so-called Young
integral)

∫ T

0
fsdgs exists. Moreover, if α = β ∈ (1

2
, 1) and φ : R2 −→ R is a function of class

C1, the integrals
∫ .

0
∂φ
∂f

(fu, gu)dfu and
∫ .

0
∂φ
∂g

(fu, gu)dgu exist in the Young sense and the following
change of variables formula holds:

φ(ft, gt) = φ(f0, g0) +

∫ t

0

∂φ

∂f
(fu, gu)dfu +

∫ t

0

∂φ

∂g
(fu, gu)dgu, 0 ≤ t ≤ T. (2.2)

As a consequence, if H > 1
2

and (ut, t ∈ [0, T ]) be a process with Hölder paths of order α > 1−H ,
the integral

∫ T

0
usdBs is well-defined as Young integral. Suppose moreover that for any t ∈ [0, T ],

ut ∈ D1,2, and

P

(∫ T

0

∫ T

0

|Dsut||t − s|2H−2dsdt < ∞
)

= 1.

Then, by [1], u ∈ Domδ and for every t ∈ [0, T ],
∫ t

0

usdBs =

∫ t

0

usδBs + H(2H − 1)

∫ t

0

∫ t

0

Dsur|s − r|2H−2drds. (2.3)

In particular, when ϕ is a non-random Hölder continuous function of order α > 1 − H , we obtain
∫ T

0

ϕsdBs =

∫ T

0

ϕsδBs = B(ϕ). (2.4)

In addition, for all ϕ, ψ ∈ |H|,

E

(∫ T

0

ϕsdBs

∫ T

0

ψsdBs

)
= H(2H − 1)

∫ T

0

∫ T

0

ϕ(u)ψ(v)|u − v|2H−2dudv. (2.5)

3. Asymptotic behavior of the least squares estimator
Throughout this paper we assume H ∈ (1

2
, 1) and θ > 0. Let us consider the equation (1.1) driven

by a fractional Brownian motion B with Hurst parameter H and θ is the unknown parameter to be
estimated from the observation X . The linear equation (1.1) has the following explicit solution:

Xt = eθt

∫ t

0

e−θsdBs, t ≥ 0, (3.1)

where the integral
∫ t

0
e−θsdBs is a Young integral.

Let us introduce the following process

ξt :=

∫ t

0

e−θsdBs, t ≥ 0.
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Let C∞
b (Rn,R) be the class of infinitely differentiable functions f : Rn −→ R such that f

and all its partial derivatives are bounded. We denote by S the class of smooth cylindrical random
variables F of the form

F = f(B(ϕ1), ..., B(ϕn)), (2.1)

where n ≥ 1, f ∈ C∞
b (Rn,R) and ϕ1, ..., ϕn ∈ H.

The derivative operator D of a smooth and cylindrical random variable F of the form (2.1) is
defined as theH-valued random variable

DtF =
N∑

i=1

∂f

∂xi

(B(ϕ1), ..., B(ϕn))ϕi(t)

In this way the derivative DF is an element of L2(Ω;H). We denote by D1,2 the closure of S with
respect to the norm defined by

‖F‖2
1,2 = E(‖F‖2) + E(‖DF‖2

H).

The divergence operator δ is the adjoint of the derivative operator D. Concretely, a random variable
u ∈ L2(Ω;H) belongs to the domain of the divergence operator Domδ if

E |〈DF, u〉H| ≤ c‖F‖L2(Ω)

for every F ∈ S. In this case δ(u) is given by the duality relationship

E(Fδ(u)) = E 〈DF, u〉H

for any F ∈ D1,2. We will make use of the notation

δ(u) =

∫ T

0

usδBs, u ∈ Dom(δ).

In particular, for h ∈ H, B(h) = δ(h) =
∫ T

0
hsδBs.

For every n ≥ 1, let Hn be the nth Wiener chaos of B , that is, the closed linear subspace of
L2(Ω) generated by the random variables {Hn(B(h)), h ∈ H, ‖h‖H = 1} where Hn is the nth
Hermite polynomial. The mapping In(h⊗n) = n!Hn(B(h)) provides a linear isometry between
the symmetric tensor product H�n (equipped with the modified norm ‖.‖H�n = 1√

n!
‖.‖H⊗n) and

Hn. For every f, g ∈ H�n the following multiplication formula holds

E (In(f)In(g)) = n!〈f, g〉H⊗n .

Finally, It is well-known that L2(Ω) can be decomposed into the infinite orthogonal sum of the
spaces Hn. That is, any square integrable random variable F ∈ L2(Ω) admits the following
chaotic expansion

F = E(F ) +
∞∑

n=1

In(fn),
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where the fn ∈ H�n are uniquely determined by F .
Fix T > 0. Let f, g : [0, T ] −→ R are Hölder continuous functions of orders α ∈ (0, 1) and

β ∈ (0, 1) with α+β > 1. Young [14] proved that the Riemann-Stieltjes integral (so-called Young
integral)

∫ T

0
fsdgs exists. Moreover, if α = β ∈ (1

2
, 1) and φ : R2 −→ R is a function of class

C1, the integrals
∫ .

0
∂φ
∂f

(fu, gu)dfu and
∫ .

0
∂φ
∂g

(fu, gu)dgu exist in the Young sense and the following
change of variables formula holds:

φ(ft, gt) = φ(f0, g0) +

∫ t

0

∂φ

∂f
(fu, gu)dfu +

∫ t

0

∂φ

∂g
(fu, gu)dgu, 0 ≤ t ≤ T. (2.2)

As a consequence, if H > 1
2

and (ut, t ∈ [0, T ]) be a process with Hölder paths of order α > 1−H ,
the integral

∫ T

0
usdBs is well-defined as Young integral. Suppose moreover that for any t ∈ [0, T ],

ut ∈ D1,2, and

P

(∫ T

0

∫ T

0

|Dsut||t − s|2H−2dsdt < ∞
)

= 1.

Then, by [1], u ∈ Domδ and for every t ∈ [0, T ],
∫ t

0

usdBs =

∫ t

0

usδBs + H(2H − 1)

∫ t

0

∫ t

0

Dsur|s − r|2H−2drds. (2.3)

In particular, when ϕ is a non-random Hölder continuous function of order α > 1 − H , we obtain
∫ T

0

ϕsdBs =

∫ T

0

ϕsδBs = B(ϕ). (2.4)

In addition, for all ϕ, ψ ∈ |H|,

E

(∫ T

0

ϕsdBs

∫ T

0

ψsdBs

)
= H(2H − 1)

∫ T

0

∫ T

0

ϕ(u)ψ(v)|u − v|2H−2dudv. (2.5)

3. Asymptotic behavior of the least squares estimator
Throughout this paper we assume H ∈ (1

2
, 1) and θ > 0. Let us consider the equation (1.1) driven

by a fractional Brownian motion B with Hurst parameter H and θ is the unknown parameter to be
estimated from the observation X . The linear equation (1.1) has the following explicit solution:

Xt = eθt

∫ t

0

e−θsdBs, t ≥ 0, (3.1)

where the integral
∫ t

0
e−θsdBs is a Young integral.

Let us introduce the following process

ξt :=

∫ t

0

e−θsdBs, t ≥ 0.
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Let C∞
b (Rn,R) be the class of infinitely differentiable functions f : Rn −→ R such that f

and all its partial derivatives are bounded. We denote by S the class of smooth cylindrical random
variables F of the form

F = f(B(ϕ1), ..., B(ϕn)), (2.1)

where n ≥ 1, f ∈ C∞
b (Rn,R) and ϕ1, ..., ϕn ∈ H.

The derivative operator D of a smooth and cylindrical random variable F of the form (2.1) is
defined as theH-valued random variable

DtF =
N∑

i=1

∂f

∂xi

(B(ϕ1), ..., B(ϕn))ϕi(t)

In this way the derivative DF is an element of L2(Ω;H). We denote by D1,2 the closure of S with
respect to the norm defined by

‖F‖2
1,2 = E(‖F‖2) + E(‖DF‖2

H).

The divergence operator δ is the adjoint of the derivative operator D. Concretely, a random variable
u ∈ L2(Ω;H) belongs to the domain of the divergence operator Domδ if

E |〈DF, u〉H| ≤ c‖F‖L2(Ω)

for every F ∈ S. In this case δ(u) is given by the duality relationship

E(Fδ(u)) = E 〈DF, u〉H

for any F ∈ D1,2. We will make use of the notation

δ(u) =

∫ T

0

usδBs, u ∈ Dom(δ).

In particular, for h ∈ H, B(h) = δ(h) =
∫ T

0
hsδBs.

For every n ≥ 1, let Hn be the nth Wiener chaos of B , that is, the closed linear subspace of
L2(Ω) generated by the random variables {Hn(B(h)), h ∈ H, ‖h‖H = 1} where Hn is the nth
Hermite polynomial. The mapping In(h⊗n) = n!Hn(B(h)) provides a linear isometry between
the symmetric tensor product H�n (equipped with the modified norm ‖.‖H�n = 1√
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‖.‖H⊗n) and

Hn. For every f, g ∈ H�n the following multiplication formula holds

E (In(f)In(g)) = n!〈f, g〉H⊗n .

Finally, It is well-known that L2(Ω) can be decomposed into the infinite orthogonal sum of the
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In fact,

H(2H − 1)

∫ ∞

0

∫ ∞

0

e−θre−θs|r − s|2H−2drds

= 2H(2H − 1)

∫ ∞

0

dse−θs

∫ s

0

dre−θr(s − r)2H−2

= 2H(2H − 1)

∫ ∞

0

dse−2θs

∫ s

0

dueθuu2H−2

= 2H(2H − 1)

∫ ∞

0

dueθuu2H−2

∫ ∞

u

dse−2θs

=
H(2H − 1)

θ

∫ ∞

0

e−θuu2H−2du

=
H(2H − 1)

θ2H
Γ(2H − 1) =

HΓ(2H)

θ2H
< ∞, (3.3)

with Γ denotes the classical Gamma function. Moreover, ξt converges to ξ∞ in L2(Ω). Indeed,

E
[
(ξt − ξ∞)2

]
= H(2H − 1)

∫ ∞

t

∫ ∞

t

e−θre−θs|r − s|2H−2drds

= 2H(2H − 1)

∫ ∞

t

dse−θs

∫ s

t

dre−θr(s − r)2H−2

= 2H(2H − 1)

∫ ∞

t

dve−2θs

∫ s−t

0

dueθuu2H−2

= 2H(2H − 1)e−2θt

∫ ∞

0

dve−2θv

∫ v

0

dueθuu2H−2

= 2H(2H − 1)e−2θt

∫ ∞

0

dueθuu2H−2

∫ ∞

u

dve−2θv

=
H(2H − 1)

θ
e−2θt

∫ ∞

0

e−θuu2H−2du

=
HΓ(2H)

θ2H
e−2θt

→ 0 as t → ∞.

Now, let us show that ξt −→ ξ∞ almost surely as t → ∞. By using Borel-Cantelli lemma, it is
sufficient to prove that, for any ε > 0

∑
n≥0

P

(
sup

n≤t≤n+1

∣∣∣∣
∫ ∞

t

e−θsdBs

∣∣∣∣ > ε

)
< ∞. (3.4)

For this purpose, let 1
2

< α < H . As in the proof of [Theorem 4, [1]], we can write for every t > 0

∫ ∞

t

e−θsdBs = c−1
α

∫ ∞

t

dBse
−θs

(∫ s

t

dr(s − r)−α(r − t)α−1

)
,
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By using the equation (1.1) and (3.1) we can write the LSE θ̂t defined in (1.2) as follows

θ̂t = θ +

∫ t

0
XsdBs∫ t

0
X2

s ds
= θ +

∫ t

0
eθsξsdBs∫ t

0
e2θsξ2

sds
. (3.2)

The following theorem proves the strong consistency of the LSE θ̂t.

Theorem 1. Assume H ∈ (1
2
, 1), then

θ̂t−→θ almost surely

as t −→ ∞.

For the proof of Theorem 1 we need the following two lemmas.

Lemma 2. Suppose that H > 1
2
. Then

i) For all ε ∈ (0, H), the process ξ admits a modification with (H − ε)-Hölder continuous
paths, still denoted ξ in the sequel.

ii) ξt −→ ξ∞ :=
∫ ∞
0

e−θrdBr almost surely and in L2(Ω) as t −→ ∞.

Lemma 3. Let H > 1
2
. Then, as t → ∞,

e−2θt

∫ t

0

X2
s ds = e−2θt

∫ t

0

e2θsξ2
sds −→ ξ2

∞
2θ

almost surely.

Proof of Lemma 2. We prove the point i). We have, for every 0 ≤ s < t,

E (ξt − ξs)
2 = E

(∫ t

s

e−θrdBr

)2

= H(2H − 1)

∫ t

s

∫ t

s

e−θue−θv|u − v|2H−2dudv

≤ H(2H − 1)

∫ t

s

∫ t

s

|u − v|2H−2dudv

= E (Bt − Bs)
2 = |t − s|2H .

Thus, by applying the Kolmogorov-Centsov theorem to the centered gaussian process ξ we deduce
i).
Concerning the second point ii), we first notice that the integral ξ∞ =

∫ ∞
0

e−θrdBr is well defined.
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In fact,

H(2H − 1)

∫ ∞

0

∫ ∞

0

e−θre−θs|r − s|2H−2drds

= 2H(2H − 1)

∫ ∞

0

dse−θs

∫ s

0

dre−θr(s − r)2H−2

= 2H(2H − 1)

∫ ∞

0

dse−2θs

∫ s

0

dueθuu2H−2

= 2H(2H − 1)

∫ ∞

0

dueθuu2H−2

∫ ∞

u

dse−2θs

=
H(2H − 1)

θ

∫ ∞

0

e−θuu2H−2du

=
H(2H − 1)

θ2H
Γ(2H − 1) =

HΓ(2H)

θ2H
< ∞, (3.3)

with Γ denotes the classical Gamma function. Moreover, ξt converges to ξ∞ in L2(Ω). Indeed,

E
[
(ξt − ξ∞)2

]
= H(2H − 1)

∫ ∞

t

∫ ∞

t

e−θre−θs|r − s|2H−2drds

= 2H(2H − 1)

∫ ∞

t

dse−θs

∫ s

t

dre−θr(s − r)2H−2

= 2H(2H − 1)

∫ ∞

t

dve−2θs

∫ s−t

0

dueθuu2H−2

= 2H(2H − 1)e−2θt

∫ ∞

0

dve−2θv

∫ v

0

dueθuu2H−2

= 2H(2H − 1)e−2θt

∫ ∞

0

dueθuu2H−2

∫ ∞

u

dve−2θv

=
H(2H − 1)

θ
e−2θt

∫ ∞

0

e−θuu2H−2du

=
HΓ(2H)

θ2H
e−2θt

→ 0 as t → ∞.

Now, let us show that ξt −→ ξ∞ almost surely as t → ∞. By using Borel-Cantelli lemma, it is
sufficient to prove that, for any ε > 0

∑
n≥0

P

(
sup

n≤t≤n+1

∣∣∣∣
∫ ∞

t

e−θsdBs

∣∣∣∣ > ε

)
< ∞. (3.4)

For this purpose, let 1
2

< α < H . As in the proof of [Theorem 4, [1]], we can write for every t > 0

∫ ∞

t

e−θsdBs = c−1
α

∫ ∞

t

dBse
−θs

(∫ s

t

dr(s − r)−α(r − t)α−1

)
,
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By using the equation (1.1) and (3.1) we can write the LSE θ̂t defined in (1.2) as follows

θ̂t = θ +

∫ t

0
XsdBs∫ t

0
X2

s ds
= θ +

∫ t

0
eθsξsdBs∫ t

0
e2θsξ2

sds
. (3.2)

The following theorem proves the strong consistency of the LSE θ̂t.

Theorem 1. Assume H ∈ (1
2
, 1), then

θ̂t−→θ almost surely

as t −→ ∞.

For the proof of Theorem 1 we need the following two lemmas.

Lemma 2. Suppose that H > 1
2
. Then

i) For all ε ∈ (0, H), the process ξ admits a modification with (H − ε)-Hölder continuous
paths, still denoted ξ in the sequel.

ii) ξt −→ ξ∞ :=
∫ ∞

0
e−θrdBr almost surely and in L2(Ω) as t −→ ∞.

Lemma 3. Let H > 1
2
. Then, as t → ∞,

e−2θt

∫ t

0

X2
s ds = e−2θt

∫ t

0

e2θsξ2
sds −→ ξ2

∞
2θ

almost surely.

Proof of Lemma 2. We prove the point i). We have, for every 0 ≤ s < t,

E (ξt − ξs)
2 = E

(∫ t

s

e−θrdBr

)2

= H(2H − 1)

∫ t

s

∫ t

s

e−θue−θv|u − v|2H−2dudv

≤ H(2H − 1)

∫ t

s

∫ t

s

|u − v|2H−2dudv

= E (Bt − Bs)
2 = |t − s|2H .

Thus, by applying the Kolmogorov-Centsov theorem to the centered gaussian process ξ we deduce
i).
Concerning the second point ii), we first notice that the integral ξ∞ =

∫ ∞
0

e−θrdBr is well defined.
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Combining this with the fact that
∫ ∞

n
e−θ(r−n)dr = 1

θ
, we obtain

E

(
sup

n≤t≤n+1

∣∣∣∣
∫ ∞

t

e−θsdBs

∣∣∣∣
2
)

≤ C2(α, H, θ)e−2θn,

with
C2(α,H, θ) =

c−2
α Γ(2α − 1)eθ

θ2α
C1(α, H, θ).

Consequently,

∑
n≥0

P

(
sup

n≤t≤n+1

∣∣∣∣
∫ ∞

t

e−θsdBs

∣∣∣∣ > ε

)
≤ ε−2

∑
n≥0

E

(
sup

n≤t≤n+1

∣∣∣∣
∫ ∞

t

e−θsdBs

∣∣∣∣
2
)

≤ ε−2C2(α, H, θ)
∑
n≥0

e−2θn < ∞.

This finishes the proof of the claim (3.4), and thus the proof of Lemma 2.
Proof of Lemma 3. Using (3.3), we have

E[ξ2
∞] =

HΓ(2H)

θ2H
< ∞.

Hence ξ∞ � N (0, HΓ(2H)
θ2H ) and this implies that

P (ξ∞ = 0) = 0. (3.5)

The continuity of ξ entails that, for every t > 0

∫ t

0

e2θsξ2
sds ≥

∫ t

t
2

e2θsξ2
sds ≥ t

2
eθt

(
inf

t
2
≤s≤t

ξ2
s

)
almost surely. (3.6)

Furthermore, the continuity of ξ and the point ii) of Lemma 2 yield

lim
t→∞

(
inf

t
2
≤s≤t

ξ2
s

)
= ξ∞ almost surely.

Combining this last convergence with (3.6) and (3.5), we deduce that

lim
t→∞

∫ t

0

e2θsξ2
sds = ∞ almost surely.

Hence, we can use L’Hôspital’s rule and we obtain

lim
t→∞

∫ t

0
e2θsξ2

sds

e2θt
= lim

t→∞

ξ2
t

2θ
=

ξ2
∞

2θ
almost surely.
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with cα =
∫ s

t
(s − r)−α(r − t)α−1dr = β(α, 1 − α), where β is the Beta function.

By Fubini’s stochastic theorem (see for example [11]), we have
∫ ∞

t

e−θsdBs = c−1
α

∫ ∞

t

dr(r − t)α−1

(∫ ∞

r

dBse
−θs(s − r)−α

)
.

Cauchy-Schwarz’s inequality implies that
∣∣∣∣
∫ ∞

t

e−θsdBs

∣∣∣∣
2

≤ c−2
α

(∫ ∞

t

(r − t)2(α−1)e−θ(r−t)dr

) (∫ ∞

t

dre−θ(r−t)

∣∣∣∣
∫ ∞

r

dBse
−θs(s − r)−αeθ(r−t)

∣∣∣∣
2
)

=
c−2
α Γ(2α − 1)

θ2α−1
e−2θt

∫ ∞

t

dre−θ(r−t)

∣∣∣∣
∫ ∞

r

dBs(s − r)−αe−θ(s−r)

∣∣∣∣
2

Thus,

sup
n≤t≤n+1

∣∣∣∣
∫ ∞

t

e−θsdBs

∣∣∣∣
2

≤ c−2
α Γ(2α − 1)

θ2α−1
e−2θneθ

∫ ∞

n

dre−θ(r−n)

∣∣∣∣
∫ ∞

r

dBs(s − r)−αe−θ(s−r)

∣∣∣∣
2

On the other hand,

E

(∣∣∣∣
∫ ∞

r

(s − r)−αe−θ(s−r)dBs

∣∣∣∣
2
)

= H(2H − 1)

∫ ∞

r

dv(v − r)−αe−θ(v−r)

∫ ∞

r

du(u − r)−αe−θ(u−r)|u − v|2H−2

= H(2H − 1)

∫ ∞

0

dvv−αe−θv

∫ ∞

0

duu−αe−θu|u − v|2H−2

= 2H(2H − 1)

∫ ∞

0

dvv−αe−θv

∫ v

0

duu−αe−θu(v − u)2H−2

= 2H(2H − 1)

∫ ∞

0

dvv−αe−θv

∫ v

0

du(v − u)−αe−θ(v−u)u2H−2

≤ 2H(2H − 1)

∫ ∞

0

dvv−αe−θv

∫ v

0

du(v − u)−αu2H−2

= 2H(2H − 1)

∫ ∞

0

dvv2H−2α−1e−θv

∫ 1

0

duu2H−2(1 − u)−α

= 2H(2H − 1)
Γ(2H − 2α)β(2H − 1, 1 − α)

θ2H−2α
:= C1(α, H, θ) < ∞.
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In order to prove Theorem 5 we need the following two lemmas.

Lemma 6. Fix H > 1
2
. Let F be any σ{B}-measurable random variable such that

P (F < ∞) = 1.

Then, as t −→ ∞,
(

F, e−θt

∫ t

0

eθsdBs

)
law−→

(
F,

√
HΓ(2H)

θH
N

)
,

where N ∼ N (0, 1) is independent of B.

Lemma 7. Let H > 1
2
. Then, as t → ∞,

e−
θt
2

∫ t

0

δBse
−θs

∫ s

0

δBre
θr −→ 0 in L2(Ω), (3.7)

and

e−
θt
2

∫ t

0

dse−θs

∫ s

0

dreθr|s − r|2H−2 −→ 0. (3.8)

proof of Lemma 6. For any d ≥ 1, s1 . . . sd ∈ [0,∞), we shall prove that, as t −→ ∞,
(

Bs1 , . . . , Bsd
, e−θt

∫ t

0

eθsdBs

)
law−→

(
Bs1 , . . . , Bsd

,

√
HΓ(2H)

θH
N

)
(3.9)

which is enough to lead to the desired conclusion. Because the left-hand side in the previous
convergence is a Gaussian vector (see proof of [Lemma 7, [5]]), to get (3.9) it is sufficient to
check the convergence of its covariance matrix. Let us first compute the limiting variance of
e−θt

∫ t

0
eθsdBs as t −→ ∞. We have

E

[(
e−θt

∫ t

0

eθsdBs

)2
]

= H(2H − 1)e−2θt

∫ t

0

∫ t

0

eθseθr|s − r|2H−2drds

= 2H(2H − 1)e−2θt

∫ t

0

dseθs

∫ s

0

dreθr|s − r|2H−2

= 2H(2H − 1)e−2θt

∫ t

0

dse2θs

∫ s

0

dre−θrr2H−2

= 2H(2H − 1)e−2θt

∫ t

0

dre−θrr2H−2

∫ t

r

dse2θs

=
H(2H − 1)

θ

(∫ t

0

r2H−2e−θrdr − e−2θt

∫ t

0

r2H−2eθrdr

)

→ HΓ(2H)

θ2H
as t → ∞,
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This completes the proof of Lemma 3.
Proof of Theorem 1. Using the change of variable formula (2.2), we conclude that

1

2
e2θtξ2

t = θ

∫ t

0

e2θsξ2
sds +

∫ t

0

eθsξsdBs

Hence

θ̂t − θ =

∫ t

0
eθsξsdBs∫ t

0
e2θsξ2

sds
=

ξ2
t

2e−2θt
∫ t

0
e2θsξ2

sds
− θ.

Combining this with Lemma 2 and Lemma 3, we deduce that θ̂t → θ almost surely as t −→ ∞.

3.1. Asymptotic distribution of the estimator LSE
This paragraph is devoted to the investigation of asymptotic distribution of the LSE θ̂t of θ. We
start with the following lemma.

Lemma 4. Suppose that H > 1
2
. Then, for every t ≥ 0, we have

∫ t

0

dBse
θs

∫ s

0

dBre
−θr =

∫ t

0

dBse
θs

∫ t

0

dBre
−θr −

∫ t

0

δBse
−θs

∫ s

0

δBre
θr

−H(2H − 1)

∫ t

0

dse−θs

∫ s

0

dreθr|s − r|2H−2.

Proof. Let t ≥ 0. By the change of variable formula (2.2)
∫ t

0

dBse
θs

∫ s

0

dBre
−θr =

∫ t

0

dBse
θs

∫ t

0

dBre
−θr −

∫ t

0

dBse
−θs

∫ s

0

dBre
θr.

On the other hand, according to (2.3) and (2.4),
∫ t

0

dBse
−θs

∫ s

0

dBre
θr

=

∫ t

0

δBse
−θs

∫ s

0

δBre
θr + H(2H − 1)

∫ t

0

dse−θs

∫ s

0

dreθr|s − r|2H−2,

which completes the proof.

Theorem 5. Let H > 1
2
be fixed. Then, as t −→ ∞,

eθt
(
θ̂t − θ

)
law−→ 2θC(1),

with C(1) the standard Cauchy distribution.
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proof of Lemma 6. For any d ≥ 1, s1 . . . sd ∈ [0,∞), we shall prove that, as t −→ ∞,
(

Bs1 , . . . , Bsd
, e−θt

∫ t

0

eθsdBs

)
law−→

(
Bs1 , . . . , Bsd

,

√
HΓ(2H)

θH
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(3.9)

which is enough to lead to the desired conclusion. Because the left-hand side in the previous
convergence is a Gaussian vector (see proof of [Lemma 7, [5]]), to get (3.9) it is sufficient to
check the convergence of its covariance matrix. Let us first compute the limiting variance of
e−θt

∫ t

0
eθsdBs as t −→ ∞. We have

E

[(
e−θt

∫ t

0

eθsdBs

)2
]

= H(2H − 1)e−2θt

∫ t

0

∫ t

0

eθseθr|s − r|2H−2drds

= 2H(2H − 1)e−2θt

∫ t

0

dseθs

∫ s

0

dreθr|s − r|2H−2

= 2H(2H − 1)e−2θt

∫ t

0

dse2θs

∫ s

0

dre−θrr2H−2

= 2H(2H − 1)e−2θt

∫ t

0

dre−θrr2H−2

∫ t

r

dse2θs

=
H(2H − 1)

θ

(∫ t

0

r2H−2e−θrdr − e−2θt

∫ t

0

r2H−2eθrdr

)

→ HΓ(2H)

θ2H
as t → ∞,
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3.1. Asymptotic distribution of the estimator LSE
This paragraph is devoted to the investigation of asymptotic distribution of the LSE θ̂t of θ. We
start with the following lemma.

Lemma 4. Suppose that H > 1
2
. Then, for every t ≥ 0, we have

∫ t

0

dBse
θs

∫ s

0

dBre
−θr =

∫ t

0

dBse
θs

∫ t

0

dBre
−θr −

∫ t

0

δBse
−θs

∫ s

0

δBre
θr

−H(2H − 1)

∫ t

0

dse−θs

∫ s

0

dreθr|s − r|2H−2.

Proof. Let t ≥ 0. By the change of variable formula (2.2)
∫ t

0

dBse
θs

∫ s

0

dBre
−θr =

∫ t

0

dBse
θs

∫ t

0

dBre
−θr −

∫ t

0

dBse
−θs

∫ s

0

dBre
θr.

On the other hand, according to (2.3) and (2.4),
∫ t

0

dBse
−θs

∫ s

0

dBre
θr

=

∫ t

0

δBse
−θs

∫ s

0

δBre
θr + H(2H − 1)

∫ t

0

dse−θs

∫ s

0

dreθr|s − r|2H−2,

which completes the proof.

Theorem 5. Let H > 1
2
be fixed. Then, as t −→ ∞,

eθt
(
θ̂t − θ

)
law−→ 2θC(1),

with C(1) the standard Cauchy distribution.
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On the other hand,

J2
t =

H(2H − 1)

θ
e−θt

∫ t

s

eθv(v − s)2H−2dv

=
H(2H − 1)eθs

θ
e−θt

∫ t−s

0

eθuu2H−2du

≤ H(2H − 1)eθs

θ
e−θt

∫ t

0

eθuu2H−2du

=
H(2H − 1)eθs

θ

∫ t

0

e−θv(t − v)2H−2dv

=
H(2H − 1)eθs

θ
t2H−1

∫ 1

0

e−θtu(1 − u)2H−2du

Fix u ∈ (0, 1). The function t ∈ [0,∞) �→ t2H−1e−θtu attains its maximum at t = 2H−1
θu

. Then

sup
t≥0

(t2H−1e−θtu) = ce−
2H−1

u u1−2H ≤ cu1−2H ,

with c =
(

2H−1
θ

)2H−1. In addition,
∫ 1

0
u1−2H(1 − u)2H−2du < ∞, and for any u ∈ (0, 1),

t2H−1e−θtu(1 − u)2H−2 → 0 as t → ∞.

Therefore, using the dominated convergence theorem, we obtain that J2
t converges to 0 as t → ∞.

Thus, we deduce the desired conclusion.
Proof of Lemma 7. Let us prove the convergence (3.7). We have

e−θtE

(∫ t

0

δBse
−θs

∫ s

0

δBre
θr

)2

= e−θtE

(∫ t

0

∫ s

0

e−θ|s−r|δBrδBs

)2

= e−θtE

(
1

2
I2(e

−θ|s−r|1[0,t]2)

)2

=
H2(2H − 1)2

2
e−θt

∫

[0,t]4
e−θ|v−s|e−θ|u−r||v − u|2H−2|s − r|2H−2dudvdrds

≤ H2(2H − 1)2

2
e−θt

∫

[0,t]4
|v − u|2H−2|s − r|2H−2dudvdrds

=
1

2
[E(B2

t )]
2e−θt =

1

2
t4He−θt

→ 0 as t → ∞.
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because e−2θt
∫ t

0
r2H−2eθrdr ≤ e−θt

∫ t

0
r2H−2dr = t2H−1

(2H−1)eθt → 0 as t → ∞.
Thus,

lim
t→∞

E

[(
e−θt

∫ t

0

eθsdBs

)2
]

=
HΓ(2H)

θ2H
.

Hence, to finish the proof it remains to check that, for all fixed s ≥ 0,

lim
t→∞

E

(
Bs × e−θt

∫ t

0

eθvdBv

)
= 0.

Indeed, for s < t,

E

(
Bs × e−θt

∫ t

0

eθvdBv

)

= H(2H − 1)e−θt

∫ t

0

dveθv

∫ s

0

du|u − v|2H−2

= H(2H − 1)e−θt

∫ s

0

dveθv

∫ s

0

du|u − v|2H−2 + H(2H − 1)e−θt

∫ t

s

dveθv

∫ s

0

du(v − u)2H−2

= H(2H − 1)e−θt

∫ s

0

dveθv

∫ s

0

du|u − v|2H−2 + He−θt

∫ t

s

eθv(v2H−1 − (v − s)2H−1)dv

:= It + Jt.

It’s clear that It → 0 as t → ∞.
Using integration by parts, the therm Jt can be written as

Jt

= He−θt

∫ t

s

eθv(v2H−1 − (v − s)2H−1)dv

= He−θt

(
eθt

θ
[t2H−1 − (t − s)2H−1] − eθs

θ
s2H−1 +

2H − 1

θ

∫ t

s

eθv[(v − s)2H−2 − v2H−2]dv

)

≤ H

θ
[t2H−1 − (t − s)2H−1] +

H(2H − 1)

θ
e−θt

∫ t

s

eθv(v − s)2H−2dv

:= J1
t + J2

t .

Since H < 1, J1
t = H

θ
[t2H−1 − (t − s)2H−1] → 0 as t → ∞.
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On the other hand, it follows from Lemma 3 and Lemma 7, that

Cθ
t
prob.−→ 0 as t −→ ∞,

and

Dθ
t −→ 0 almost surely as t −→ ∞.

Finally, by combining the previous convergences, the proof of Theorem 5 is done.
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For the convergence (3.8), we have

H(2H − 1)e−
θt
2

∫ t

0

dse−θs

∫ s

0

dreθr|s − r|2H−2

≤ H(2H − 1)e−
θt
2

∫ t

0

ds

∫ s

0

dr|s − r|2H−2

=
t2H

2
e−

θt
2

→ 0 as t → ∞.

This finishes the proof.
Proof of Theorem 5. By combining (3.2) and Lemma 4, we can write,

eθt
(
θ̂t − θ

)
=

eθt
∫ t

0
dBse

θs
∫ s

0
dBre

−θr

∫ t

0
e2θsξ2

sds

=
ξtξ∞

e−2θt
∫ t

0
e2θsξ2

sds
×

e−θt
∫ t

0
eθsdBs

ξ∞

−
e−θt

∫ t

0
δBse

−θs
∫ s

0
δBre

θr

e−2θt
∫ t

0
e2θsξ2

sds

−H(2H − 1)
e−θt

∫ t

0
dse−θs

∫ s

0
dreθr|s − r|2H−2

e−2θt
∫ t

0
e2θsξ2

sds

:= Aθ
t × Bθ

t − Cθ
t − Dθ

t .

Using Lemme 2 and Lemma 3, we obtain that

Aθ
t −→ 2θ almost surely as t −→ ∞.

According to Lemma 6, we deduce

Bθ
t

law−→
√

HΓ(2H)

θH

N

ξ∞
as t −→ ∞.

Moreover, √
HΓ(2H)

θH

N

ξ∞

law
= C(1),

because θHξ∞√
HΓ(2H)

� N (0, 1) and N ∼ N (0, 1) are independent.
Thus, by Slutsky’s theorem, we conclude that

Aθ
t × Bθ

t
law−→ 2θC(1) as t −→ ∞.
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Abstract.	  Various	  new	  heterocyclic	  compounds	  were	  synthesized	  starting	  from	  4-phenyl-1,5-
benzodiazepin-2-one.	  Catalytic	  hydrogenation	  was	  first	  explored	  leading	  to	  the	  formation	  of	  
compounds	  where	  the	  diazepinic	  seven	  bond	  ring	  was	  or	  was	  not	  opened.	  Further	  alkylation	  
reactions	  of	  the	  new	  formed	  derivatives	  were	  achieved	  in	  order	  to	  prepare	  new	  dipolarophile	  
adducts	  with	  two	  substituted	  diazepinic	  nitrogen	  atoms.	  Final	  cycloaddition	  reactions	  were	  
conducted	  giving	  new	  heterocyclic	  compounds	  containing	  five	  membered	  ring	  in	  the	  5	  position	  of	  
the	  benzodiazepine	  skeleton.	  New	  molecules	  containing	  isoxazolic	  and	  isoxazolinic	  skeletons	  
were	  thus	  obtained	  through	  the	  action	  of	  arylnitriloxides	  on	  the	  double	  and	  triple	  bonds.	  The	  
double	  C=O	  bond	  was	  shown	  to	  be	  inactive	  on	  the	  used	  dipoles	  and	  in	  the	  used	  conditions.	  The	  
structures	  of	  all	  the	  new	  synthesized	  compounds	  were	  elucidated	  on	  the	  basis	  of	  Mass	  
spectrometry,	  NMR	  (1H,	  13C)	  spectroscopy	  and	  X-ray	  diffraction	  analysis.	  The	  prepared	  isoxazolic	  
compounds	  are	  expected	  to	  possess	  various	  pharmacological	  properties.	  

Key	  words:	  4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one,	  hydrogenation,	  hydrogenolysis,	  alkylation,	  
cycloaddidtion,	  isoxazole,	  isoxazoline.	  

	  

1.	  Introduction	  
In	  our	  previous	  works	  we	  showed	  that	  1,5-‐benzodiazepines	  were	  excellent	  precursors	  of	  
various	  heterocyclic	  derivatives.	  Thus	  the	  synthesis	  of	  benzimidazolic,	  pyrazolic,	  quinoxalinic,	  
triazepinic,	  isoxazolic	  and	  triazolic	  derivatives	  were	  previously	  described	  [1-‐14].	  In	  this	  work	  
we	  describe	  the	  synthesis	  of	  new	  	  heterocyclic	  compounds	  from	  1,5-‐benzodiazepines	  through	  
hydrogenation	  and	  1,3-‐dipolar	  cycloaddition	  reactions.	  
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Scheme	  2	  

The	  structures	  of	  the	  intermediates	  11	  and	  12	  were	  elucidated	  through	  1H,	  13C	  NMR,	  IR	  and	  
MS	  spectrometry.	  The	  1H	  NMR	  spectra	  of	  compound	  11	  (12)	  showed	  in	  particular	  signals	  
corresponding	  to	  the	  3	  and	  4	  protons	  which	  appeared	  as	  an	  ABX	  system.	  The	  AB	  part	  
appeared	  as	  two	  quartets	  at	  2.79	  and	  2.63	  ppm	  (2.89	  and	  2.72	  for	  compound	  12),	  while	  the	  X	  
part	  of	  the	  ABX	  system	  was	  observed	  as	  a	  double	  doublet	  at	  4.99	  ppm	  (5.06	  for	  compound	  
12).	  In	  addition	  to	  this	  ABX	  system,	  the	  1H	  NMR	  spectrum	  of	  compound	  11	  showed	  a	  singlet	  at	  
3.4	  ppm	  assigned	  to	  the	  methyl	  group	  protons	  linked	  to	  the	  nitrogen	  atom.	  In	  the	  case	  of	  
compound	  12	  the	  benzylic	  CH2	  protons	  were	  observed	  as	  a	  singlet	  at	  5.13	  ppm.	  
The	  reduction	  of	  the	  imine	  function	  was	  also	  confirmed	  through	  13C	  NMR	  analysis	  showing	  a	  
signal	  located	  at	  65.45	  ppm	  (65.64	  ppm	  for	  compound	  12).	  This	  was	  attributed	  to	  the	  tertiary	  
carbon	  atom	  of	  the	  4	  position	  of	  the	  seven	  chain	  ring.	  The	  3	  position	  carbon	  atom	  was	  
observed	  at	  35.79	  ppm	  (41.16	  ppm	  for	  compound	  12).	  In	  addition,	  the	  13C	  NMR	  spectrum	  of	  
compound	  12	  showed	  a	  signal	  corresponding	  to	  the	  benzylic	  carbon	  atom	  at	  51.63	  ppm.	  The	  
absence	  of	  the	  signal	  corresponding	  to	  the	  C=N	  group	  confirms	  that	  the	  latter	  was	  involved	  in	  
this	  reaction.	  
The	  IR	  spectra	  recorded	  in	  KBr	  showed	  absorption	  bands	  corresponding	  to	  the	  C=O	  and	  N-‐H	  
groups	  which	  appeared	  respectively	  at	  1680	  and	  3185	  cm-‐1	  (1683	  and	  3388	  cm-‐1	  for	  
compound	  12).	  
The	  opening	  of	  the	  seven	  chain	  ring	  was	  unambiguously	  deduced	  from	  the	  1H,	  13C	  NMR,	  IR	  and	  
MS	  spectral	  data	  of	  compounds	  7-‐10.	  The	  1H	  NMR	  spectra	  of	  these	  compounds	  showed,	  in	  
addition	  to	  the	  signals	  of	  the	  NH2	  groups	  located	  at	  3.55	  ppm,	  those	  corresponding	  to	  the	  
secondary	  carbon	  protons	  in	  the	  β	  position	  of	  the	  carbonyl	  group.	  These	  signals	  appeared	  as	  a	  
multiplet	  at	  2.41	  ppm.	  In	  the	  13C	  NMR	  spectra,	  and	  in	  addition	  to	  the	  more	  deshielded	  signal	  
attributed	  to	  the	  carbonyl	  atom	  group,	  the	  appearance	  of	  signal	  at	  31.00	  ppm	  corresponding	  
to	  the	  secondary	  carbon	  atom	  was	  observed.	  This	  clearly	  confirms	  the	  opening	  of	  the	  
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It	  should	  be	  noted	  that	  the	  reduction	  of	  the	  1,5-‐benzodiazepine	  imine	  function	  has	  already	  
been	  reported	  [15,	  16].	  Also	  Achour	  et	  al.	  [16]	  reported	  the	  formation	  of	  a	  mixture	  of	  two	  
compounds	  resulting	  from	  the	  reduction	  of	  one	  and	  two	  imine	  functions	  by	  catalytic	  
hydrogenation	  of	  1-‐bis-‐[4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐oxo-‐1-‐yl]-‐methane.	  Morales	  et	  al.	  [17]	  
described	  the	  formation	  of	  only	  one	  compound	  resulting	  from	  the	  reduction	  of	  the	  imine	  
function	  of	  the	  2,2,4-‐trimethyl-‐1,5-‐benzodiazepine.	  
It	  should	  be	  noted	  that	  as	  far	  as	  we	  know,	  there	  are	  no	  reports	  concerning	  the	  hydrogenolysis	  
of	  1,5-‐benzodiazepines.	  In	  this	  paper,	  we	  report	  the	  first	  results	  concerning	  such	  reactions.	  

2.	  Results	  and	  discussion	  

2.1.	  Action	  of	  hydrogen	  on	  1,5-‐benzodiazepines	  

In	  an	  ongoing	  program	  aimed	  at	  the	  preparation	  of	  new	  heterocyclic	  derivatives,	  the	  
hydrogenation	  of	  4-‐phenyl-‐1,5-‐benzodiazepine	  1	  was	  conducted	  in	  anhydrous	  ethanol	  in	  the	  
presence	  of	  palladium	  on	  activated	  charcoal.	  The	  4-‐phenyl-‐2,3,4,5-‐tetrahydro-‐1H-‐1,5-‐
benzodiazepin-‐2-‐one	  2	  was	  thus	  obtained	  with	  a	  good	  yield	  	  (Scheme	  1).	  
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The	  structure	  of	  compound	  2	  has	  been	  elucidated	  on	  the	  basis	  of	  its	  1H,	  13C	  NMR,	  IR	  and	  MS	  
spectral	  analysis	  and	  by	  comparison	  with	  previously	  reported	  data	  [16,17].	  In	  the	  1H	  NMR	  
spectrum	  of	  compound	  2,	  signals	  corresponding	  to	  the	  methylene	  (position	  3)	  and	  methine	  
(position	  4)	  protons	  of	  the	  diazepine	  skeleton	  showed	  an	  ABX	  system.	  The	  AB	  part	  appeared	  
as	  two	  quartets	  located	  at	  2.71	  and	  2.62	  ppm	  while	  the	  B	  part	  was	  observed	  as	  a	  double	  
doublet	  signal	  at	  5.00	  ppm.	  In	  the	  13C	  NMR	  spectrum,	  the	  presence	  of	  a	  signal	  located	  at	  65.45	  
ppm	  corresponding	  to	  the	  diazepine	  C-‐4	  carbon	  atom	  was	  observed.	  The	  more	  deshielded	  
signal	  at	  170.00	  ppm	  was	  assigned	  to	  the	  lactame	  carbonyl	  group.	  
When	  the	  alkylated	  benzodiazepines	  3-‐6	  were	  submitted,	  in	  the	  same	  conditions,	  to	  the	  
hydrogenation	  reaction,	  the	  formation	  of	  the	  o-‐phenylenediamine	  7	  –	  10	  derivatives	  were	  
observed.	  These	  compounds	  were	  formed	  through	  the	  breaking	  of	  the	  C4-‐N5	  diazepinic	  bond	  
causing	  the	  opening	  of	  the	  seven	  bond	  ring.	  Compounds	  9	  and	  10	  were	  also	  obtained	  from	  
hydrogenolysis	  of	  their	  corresponding	  1-‐alkyl-‐2,3,4,5-‐tetrahydro-‐1H-‐1,5-‐benzodiazepines	  11	  
et	  12	  showing	  that	  the	  latter	  played	  the	  role	  of	  intermediates	  in	  the	  transformation	  process	  
(Scheme	  2).	  
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The	  structures	  of	  the	  intermediates	  11	  and	  12	  were	  elucidated	  through	  1H,	  13C	  NMR,	  IR	  and	  
MS	  spectrometry.	  The	  1H	  NMR	  spectra	  of	  compound	  11	  (12)	  showed	  in	  particular	  signals	  
corresponding	  to	  the	  3	  and	  4	  protons	  which	  appeared	  as	  an	  ABX	  system.	  The	  AB	  part	  
appeared	  as	  two	  quartets	  at	  2.79	  and	  2.63	  ppm	  (2.89	  and	  2.72	  for	  compound	  12),	  while	  the	  X	  
part	  of	  the	  ABX	  system	  was	  observed	  as	  a	  double	  doublet	  at	  4.99	  ppm	  (5.06	  for	  compound	  
12).	  In	  addition	  to	  this	  ABX	  system,	  the	  1H	  NMR	  spectrum	  of	  compound	  11	  showed	  a	  singlet	  at	  
3.4	  ppm	  assigned	  to	  the	  methyl	  group	  protons	  linked	  to	  the	  nitrogen	  atom.	  In	  the	  case	  of	  
compound	  12	  the	  benzylic	  CH2	  protons	  were	  observed	  as	  a	  singlet	  at	  5.13	  ppm.	  
The	  reduction	  of	  the	  imine	  function	  was	  also	  confirmed	  through	  13C	  NMR	  analysis	  showing	  a	  
signal	  located	  at	  65.45	  ppm	  (65.64	  ppm	  for	  compound	  12).	  This	  was	  attributed	  to	  the	  tertiary	  
carbon	  atom	  of	  the	  4	  position	  of	  the	  seven	  chain	  ring.	  The	  3	  position	  carbon	  atom	  was	  
observed	  at	  35.79	  ppm	  (41.16	  ppm	  for	  compound	  12).	  In	  addition,	  the	  13C	  NMR	  spectrum	  of	  
compound	  12	  showed	  a	  signal	  corresponding	  to	  the	  benzylic	  carbon	  atom	  at	  51.63	  ppm.	  The	  
absence	  of	  the	  signal	  corresponding	  to	  the	  C=N	  group	  confirms	  that	  the	  latter	  was	  involved	  in	  
this	  reaction.	  
The	  IR	  spectra	  recorded	  in	  KBr	  showed	  absorption	  bands	  corresponding	  to	  the	  C=O	  and	  N-‐H	  
groups	  which	  appeared	  respectively	  at	  1680	  and	  3185	  cm-‐1	  (1683	  and	  3388	  cm-‐1	  for	  
compound	  12).	  
The	  opening	  of	  the	  seven	  chain	  ring	  was	  unambiguously	  deduced	  from	  the	  1H,	  13C	  NMR,	  IR	  and	  
MS	  spectral	  data	  of	  compounds	  7-‐10.	  The	  1H	  NMR	  spectra	  of	  these	  compounds	  showed,	  in	  
addition	  to	  the	  signals	  of	  the	  NH2	  groups	  located	  at	  3.55	  ppm,	  those	  corresponding	  to	  the	  
secondary	  carbon	  protons	  in	  the	  β	  position	  of	  the	  carbonyl	  group.	  These	  signals	  appeared	  as	  a	  
multiplet	  at	  2.41	  ppm.	  In	  the	  13C	  NMR	  spectra,	  and	  in	  addition	  to	  the	  more	  deshielded	  signal	  
attributed	  to	  the	  carbonyl	  atom	  group,	  the	  appearance	  of	  signal	  at	  31.00	  ppm	  corresponding	  
to	  the	  secondary	  carbon	  atom	  was	  observed.	  This	  clearly	  confirms	  the	  opening	  of	  the	  
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alkylation	  reaction	  using	  allyl	  bromide	  as	  alkylation	  agent	  (scheme	  3).	  In	  both	  cases,	  
compounds	  13	  and	  14	  corresponding	  to	  the	  fixation	  of	  the	  allyl	  group	  on	  the	  5	  position	  
secondary	  nitrogen	  atom	  were	  obtained.	  Compounds	  13	  and	  14	  were	  isolated	  through	  
recristallization	  from	  ethanol	  and	  were	  identified	  by	  1H,	  13C	  NMR,	  IR	  and	  MS	  analysis.	  
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The	  1H	  NMR	  spectra	  of	  both	  compounds	  showed	  the	  allylic	  group	  protons	  signals.	  Thus	  a	  
multiplet	  at	  5.6	  ppm	  attributed	  to	  the	  vinylic	  proton,	  a	  doublet	  at	  3.67	  ppm	  assigned	  to	  the	  
methylenic	  NCH2	  protons	  in	  the	  vinylic	  α	  position	  and	  two	  double	  doublets	  at	  4.9	  and	  5.2	  ppm	  
integrating	  two	  protons	  corresponding	  to	  the	  non	  equivalent	  methylene	  vinylic	  protons	  were	  
observed.	  In	  addition,	  a	  double	  doublet	  was	  observed	  at	  2.79	  ppm	  (2.75	  for	  compound	  14)	  
corresponding	  to	  the	  diazepinic	  methylene	  protons	  which	  were	  coupled	  to	  the	  proton	  of	  the	  4	  
position	  of	  the	  same	  ring.	  A	  multiplet	  was	  also	  observed	  at	  4.95	  ppm	  (5.40	  ppm	  for	  compound	  
14)	  and	  was	  attributed	  to	  the	  diazepinic	  4	  position	  proton.	  The	  1H	  NMR	  spectrum	  of	  
compound	  13	  also	  showed	  a	  singlet	  at	  3.50	  ppm	  integrating	  3	  protons	  corresponding	  to	  the	  
methyl	  group	  linked	  to	  the	  nitrogen	  atom,	  while	  compound	  14	  1H	  NMR	  spectrum	  showed	  a	  
signal	  at	  5.13	  ppm	  integrating	  two	  protons	  and	  corresponding	  to	  the	  benzylic	  CH2	  protons	  
which	  are	  also	  linked	  to	  the	  nitrogen	  atom.	  	  
The	  occurrence	  of	  the	  N-‐alkylation	  reaction	  was	  also	  evidenced	  by	  13C	  NMR	  spectroscopy	  of	  
compounds	  13	  and	  14.	  In	  addition	  to	  the	  signal	  corresponding	  to	  the	  carbonyl	  carbon	  atom	  
which	  was	  observed	  around	  170	  ppm,	  a	  signal	  was	  observed	  at	  53.41	  ppm	  (53.68	  ppm	  for	  
compound	  14)	  corresponding	  to	  the	  allylic	  methylenic	  carbon	  atom.	  The	  diazepinic	  methylen	  
carbon	  was	  observed	  at	  42.17	  ppm	  (42.09	  ppm	  for	  compound	  14),	  while	  the	  two	  vinylic	  
carbon	  atoms	  were	  observed	  at	  134.90	  and	  117.53	  ppm	  for	  both	  compounds.	  
In	  the	  IR	  spectra	  of	  compounds	  13	  and	  14,	  an	  intense	  band	  at	  1680	  cm-‐1	  corresponding	  to	  the	  
lactamic	  C=O	  group	  was	  observed.	  
	  

2.3.	   Preparation	   of	   N-‐ethyl(methylethoxycarbonyl-‐)N-‐(o-‐propargyl(allyl)	  
aminophenyl)benzylacetamide	  15	  and	  16	  	  

The	  N-‐disubstituted	  o-‐phenylenediamine	  derivatives	  8	  and	  9	  obtained	  above	  through	  
catalytic	  reduction	  of	  the	  N-‐alkyl-‐1,5-‐benzodiazepin-‐2-‐one	  were	  also	  submitted	  to	  alkylation	  
reaction	  yielding	  the	  N,N'-‐disubstituted	  dipolarophiles	  15	  and	  16	  (Scheme	  4).	  
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diazepinic	  heterocycle	  through	  the	  C4-‐C5	  bond	  breaking.	  The	  spectral	  data	  of	  compounds	  7-‐
10	  are	  gathered	  in	  table	  1	  (1H	  NMR	  data)	  and	  table	  2	  (13C	  NMR	  data).	  
	  

	   NH2	   CHar	   CH2Ph	   COCH2	   NCH2	   OCH2	   CH3	  

7	   3.60	  
(s,	  2H)	  

6.65-‐7.26	  
(m,	  9H)	  

2.41	  
(m,	  2H)	  

2.91	  
(t,	  2H,	  J	  =	  7.6)	  

3.36;	  3.95	  
(q,	  1H,	  1H,	  
J	  =	  7.12)	  

-‐	  
1.19	  (t,	  

3H,	  
J	  =	  7.32)	  

8	   3.51	  
(s,	  2H)	  

6.62-‐7.27	  
(m,	  9H)	  

2.45	  
(m,	  2H)	  

2.95	  
(t,	  2H,	  J	  =	  8.2)	  

3.81;	  4.65	  
(d,	  1H,	  1H	  
J	  =	  11.68)	  

4.25	  (q,	  
2H,	  

J	  =	  7.32)	  

1.31(t,	  
3H,	  

J	  =	  7.32)	  

9	  
3.66	  

(s,	  2H)	  

6.67-‐7.26	  
(m,	  9H)	  

	  

2.47	  
(m,	  2H)	  

2.92	  
(2H,	  t,	  J	  =	  8.4)	   -‐	   -‐	   3.17	  

(s,	  3H)	  

10	  
3.49	  

(s,	  2H)	  
6.53-‐7.29	  
(m,	  14H)	  

2.41	  
(m,	  2H)	  

2.96	  
(t,	  2H,	  J	  =	  8.4)	  

4.59;	  5.02	  
(d,	  1H,	  1H,	  
J	  =	  13.71)	  

-‐	   	  

	  
Table	  1:	  1H	  NMR	  spectral	  data	  (δ	  in	  ppm,	  J	  in	  Hz)	  of	  compounds	  7	  –	  10.	  

	  

	   CHar	   CH2Ph	   COCH2	   NCH2,	  OCH2,	  CH3	   Cq	  

7	  
111.47-‐
129.64	   31.61	   35.85	   13.11	  (CH3),	  42.20	  

(NCH2)	  

127.17,	  141.49,	  143.16	  
(Car),	  

172.93	  (C=O)	  

8	   116.48-‐
129.69	   31.32	   34.91	  

14.17	  (CH3),	  51.45	  
(NCH2),	  

31.64	  (OCH2)	  

127.85,	  141.34,	  144.43	  
(Car),	  

170.82,	  173.91(C=O)	  

9	   116.26-‐
129.32	   31.59	   35.46	   CH3	  

136.50,	  141.39,	  142.87	  
(Car),	  

173.48	  (C=O)	  

10	   116.29-‐
129.66	   31.56	   35.55	   51.23	  (NCH2)	  

137.55,	  141.39,	  143.34	  
(Car),	  

172.20	  (C=O)	  
	  

Table	  2:	  13C	  NMR	  spectral	  data	  (δ	  in	  ppm)	  	  of	  compounds	  7	  –	  10.	  
	  

In	  view	  of	  these	  results,	  we	  can	  conclude	  that	  the	  catalytic	  hydrogenation	  of	  N-‐alkyl-‐1,5-‐
benzodiazepin-‐2-‐ones	  3-‐6	  yielded	  the	  corresponding	  hydrogenated	  products	  7-‐10	  through	  
the	  breaking	  of	  the	  C4-‐N5	  diazepinic	  bond.	  The	  obtained	  compounds	  will	  be	  further	  used	  as	  
precursors	  of	  dipolarophile	  adducts	  for	  1,3-‐dipolar	  cycloaddition	  reactions.	  
	  

2.2.	  Preparation	  of	  1-‐methyl	  (benzyl)-‐5-‐allyl-‐4-‐phenyl-‐1,3,4,5-‐tetrahydro-‐1,5-‐
benzodiazepin-‐2-‐one	  13	  and	  14	  

In	  order	  to	  prepare	  dipolarophilic	  compounds	  with	  two	  substituted	  diazepenic	  nitrogen	  
atoms,	  1-‐alkyl-‐1,3,4,5-‐tetrahydro-‐1,5-‐benzodiazepin-‐2-‐ones	  11	  and	  12	  were	  submitted	  to	  an	  
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alkylation	  reaction	  using	  allyl	  bromide	  as	  alkylation	  agent	  (scheme	  3).	  In	  both	  cases,	  
compounds	  13	  and	  14	  corresponding	  to	  the	  fixation	  of	  the	  allyl	  group	  on	  the	  5	  position	  
secondary	  nitrogen	  atom	  were	  obtained.	  Compounds	  13	  and	  14	  were	  isolated	  through	  
recristallization	  from	  ethanol	  and	  were	  identified	  by	  1H,	  13C	  NMR,	  IR	  and	  MS	  analysis.	  
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Scheme	  3	  

The	  1H	  NMR	  spectra	  of	  both	  compounds	  showed	  the	  allylic	  group	  protons	  signals.	  Thus	  a	  
multiplet	  at	  5.6	  ppm	  attributed	  to	  the	  vinylic	  proton,	  a	  doublet	  at	  3.67	  ppm	  assigned	  to	  the	  
methylenic	  NCH2	  protons	  in	  the	  vinylic	  α	  position	  and	  two	  double	  doublets	  at	  4.9	  and	  5.2	  ppm	  
integrating	  two	  protons	  corresponding	  to	  the	  non	  equivalent	  methylene	  vinylic	  protons	  were	  
observed.	  In	  addition,	  a	  double	  doublet	  was	  observed	  at	  2.79	  ppm	  (2.75	  for	  compound	  14)	  
corresponding	  to	  the	  diazepinic	  methylene	  protons	  which	  were	  coupled	  to	  the	  proton	  of	  the	  4	  
position	  of	  the	  same	  ring.	  A	  multiplet	  was	  also	  observed	  at	  4.95	  ppm	  (5.40	  ppm	  for	  compound	  
14)	  and	  was	  attributed	  to	  the	  diazepinic	  4	  position	  proton.	  The	  1H	  NMR	  spectrum	  of	  
compound	  13	  also	  showed	  a	  singlet	  at	  3.50	  ppm	  integrating	  3	  protons	  corresponding	  to	  the	  
methyl	  group	  linked	  to	  the	  nitrogen	  atom,	  while	  compound	  14	  1H	  NMR	  spectrum	  showed	  a	  
signal	  at	  5.13	  ppm	  integrating	  two	  protons	  and	  corresponding	  to	  the	  benzylic	  CH2	  protons	  
which	  are	  also	  linked	  to	  the	  nitrogen	  atom.	  	  
The	  occurrence	  of	  the	  N-‐alkylation	  reaction	  was	  also	  evidenced	  by	  13C	  NMR	  spectroscopy	  of	  
compounds	  13	  and	  14.	  In	  addition	  to	  the	  signal	  corresponding	  to	  the	  carbonyl	  carbon	  atom	  
which	  was	  observed	  around	  170	  ppm,	  a	  signal	  was	  observed	  at	  53.41	  ppm	  (53.68	  ppm	  for	  
compound	  14)	  corresponding	  to	  the	  allylic	  methylenic	  carbon	  atom.	  The	  diazepinic	  methylen	  
carbon	  was	  observed	  at	  42.17	  ppm	  (42.09	  ppm	  for	  compound	  14),	  while	  the	  two	  vinylic	  
carbon	  atoms	  were	  observed	  at	  134.90	  and	  117.53	  ppm	  for	  both	  compounds.	  
In	  the	  IR	  spectra	  of	  compounds	  13	  and	  14,	  an	  intense	  band	  at	  1680	  cm-‐1	  corresponding	  to	  the	  
lactamic	  C=O	  group	  was	  observed.	  
	  

2.3.	   Preparation	   of	   N-‐ethyl(methylethoxycarbonyl-‐)N-‐(o-‐propargyl(allyl)	  
aminophenyl)benzylacetamide	  15	  and	  16	  	  

The	  N-‐disubstituted	  o-‐phenylenediamine	  derivatives	  8	  and	  9	  obtained	  above	  through	  
catalytic	  reduction	  of	  the	  N-‐alkyl-‐1,5-‐benzodiazepin-‐2-‐one	  were	  also	  submitted	  to	  alkylation	  
reaction	  yielding	  the	  N,N'-‐disubstituted	  dipolarophiles	  15	  and	  16	  (Scheme	  4).	  
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benzyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  14	  with	  an	  excess	  of	  p-‐chlorophenylnitriloxyde,	  
generated,	  in	  situ,	  by	  action	  of	  sodium	  hypochlorite	  on	  the	  oxime	  17.	  
In	  each	  case	  the	  corresponding	  isoxazolin-‐5-‐yl	  methyl(benzyl)-‐1,5-‐benzodiazepin-‐2-‐one	  18	  or	  
19	  was	  isolated	  resulting	  from	  the	  condensation	  of	  the	  dipole	  with	  the	  exocyclic	  double	  bond	  
linked	  to	  the	  5	  position	  of	  the	  benzodiazepine	  (Scheme	  5).	  The	  reaction	  was	  shown	  to	  be	  peri	  
and	  regiospecific.	  Indeed,	  only	  the	  allylic	  double	  bond	  was	  affected	  during	  the	  reaction	  and	  
the	  addition	  orientation	  corresponds	  to	  the	  dipole	  nitrogen	  attack	  on	  the	  more	  substituted	  
allylic	  sp2	  carbon	  atom.	  
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Scheme	  5	  

	  
The	  structures	  of	  the	  obtained	  compounds	  were	  elucidated	  through	  1H,	  13C	  NMR,	  IR	  and	  MS	  
analysis.	  The	  1H	  NMR	  spectrum	  of	  compound	  18	  (compound	  19)	  showed	  the	  superposition	  of	  
the	  methylenic	  protons	  signals	  which	  appeared	  as	  unresolved	  multiplet	  at	  3.42	  ppm	  (3.28	  
ppm	  for	  compound	  19).	  The	  signal	  attributed	  to	  the	  methyne	  proton	  linked	  to	  the	  5	  position	  
of	  the	  isoxazolinic	  ring	  appeared	  as	  a	  massif	  at	  4.71	  ppm	  (4.46	  ppm	  for	  compound	  19).	  These	  
data	  are	  in	  agreement	  with	  previously	  reported	  data	  [19,	  20].	  The	  proposed	  structures	  were	  
also	  in	  agreement	  with	  the	  presence	  of	  a	  massif	  at	  4.88	  ppm	  (5.06	  ppm	  for	  compound	  19)	  
which	  was	  attributed	  to	  the	  proton	  linked	  to	  the	  position	  4	  of	  the	  diazepine	  skeleton.	  
	   	  
The	  reaction	  regiospecificity	  was	  easily	  confirmed	  through	  13C	  NMR	  analysis	  which	  showed	  
the	  signals	  of	  the	  isoxazolinic	  ring	  C-‐4	  and	  C-‐5	  carbon	  atoms	  at	  37.98	  and	  78.99	  ppm	  for	  
compound	  18	  (38.18	  and	  78.26	  ppm	  for	  compound	  19).	  The	  other	  carbon	  atoms	  were	  also	  
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The	  structures	  of	  the	  new	  formed	  compounds	  15	  and	  16	  were	  elucidated	  through	  1H,	  13C	  
NMR	  and	  MS	  analysis.	  The	  1H	  NMR	  spectrum	  of	  compound	  15,	  revealed	  the	  presence	  of	  all	  the	  
propargyl	  group	  signals.	  In	  addition,	  the	  presence	  of	  a	  triplet	  located	  at	  5.73	  ppm	  assigned	  to	  
the	  secondary	  amine	  proton	  was	  also	  observed.	  This	  proton	  was	  coupled	  with	  the	  two	  
propargyl	  methylenic	  protons.	  The	  two	  methylenic	  protons	  of	  the	  ethyl	  group	  were	  not	  
equivalent.	  Each	  of	  them	  appeared	  as	  two	  quartets	  (J	  =	  7.12	  Hz)	  at	  3.13	  and	  3.91	  ppm	  due	  to	  
their	  coupling	  with	  the	  methyl	  group	  protons.	  
The	  13C	  NMR	  spectrum	  of	  compound	  15	  showed	  in	  particular	  two	  signals	  located	  at	  72.42	  and	  
82.11	  ppm	  corresponding	  respectively	  to	  the	  more	  and	  less	  hydrogenated	  acetylenic	  carbon	  
atoms	  of	  the	  propargyl	  group.	  The	  ethylic	  carbon	  signals	  were	  observed	  at	  12.55	  and	  41.16	  
ppm.	  
The	  1H	  NMR	  spectrum	  of	  compound	  16	  showed	  the	  presence	  of	  signals	  characteristic	  of	  the	  
allyl	  group.	  The	  disappearance	  of	  the	  signal	  corresponding	  to	  the	  secondary	  amine	  located	  at	  
3.65	  ppm	  was	  also	  observed.	  This	  was	  concomitant	  with	  the	  appearance	  of	  a	  triplet	  at	  5.70	  
ppm	  attributed	  to	  the	  proton	  linked	  to	  the	  amine	  function.	  This	  proton	  was	  coupled	  with	  the	  
two	  methylenic	  proton	  of	  the	  allyl	  group.	  
The	  13C	  NMR	  spectrum	  of	  compound	  16	  revealed,	  in	  particular,	  the	  presence	  of	  the	  two	  
carbonyl	  signals	  located	  at	  174.06	  and	  170.72	  ppm.	  Other	  signals	  were	  observed	  at	  116.05	  
and	  134.99	  ppm	  corresponding	  to	  the	  vinylic	  H2C=	  and	  =CH	  carbon	  atoms	  respectively.	  
The	  IR	  spectra	  of	  both	  compounds	  showed	  in	  particular	  the	  presence	  of	  the	  carbonyl	  band	  
located	  at	  1685	  cm-‐1.	  	  
	  

2.4.	   Synthesis	   of	   5-‐isoxazolinylmethyl-‐1,5-‐benzodiazepines,	   isoxazolyl	   and	  
isoxazolinylbenzylacetamides	  through	  1,3-‐dipolar	  cycloaddition	  

In	  the	  following	  part	  of	  this	  work,	  the	  previously	  prepared	  dipolarophiles	  with	  a	  carbonyle	  
function	  and	  a	  double	  or	  a	  triple	  bond	  will	  be	  used	  in	  order	  to	  prepare	  new	  heterocyclic	  
systems	  associating	  five	  chains	  rings	  at	  the	  5	  position	  of	  the	  benzodiazepine	  skeleton.	  
	  

2.4.1.	   Condensation	   of	   p-‐chlorobenzaldehyde	   oxime	   17	   with	   5-‐allyl-‐1-‐
methyl(benzyl)-‐4-‐phenyl-‐2,3,4,5-‐tetrahydro-‐1H-‐1,5-‐benzodiazepin-‐2-‐one	  13	  (14)	  

The	  synthesis	  method	  described	  by	  Lee	  [18]	  was	  used.	  This	  consists	  to	  separately	  condensate	  
the	  5-‐allyl-‐1-‐methyl-‐4-‐phenyl-‐1,3,4,5-‐tetrahydro-‐1,5-‐benzodiazepin-‐2-‐one	  13	  or	  the	  5-‐allyl-‐1-‐
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benzyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  14	  with	  an	  excess	  of	  p-‐chlorophenylnitriloxyde,	  
generated,	  in	  situ,	  by	  action	  of	  sodium	  hypochlorite	  on	  the	  oxime	  17.	  
In	  each	  case	  the	  corresponding	  isoxazolin-‐5-‐yl	  methyl(benzyl)-‐1,5-‐benzodiazepin-‐2-‐one	  18	  or	  
19	  was	  isolated	  resulting	  from	  the	  condensation	  of	  the	  dipole	  with	  the	  exocyclic	  double	  bond	  
linked	  to	  the	  5	  position	  of	  the	  benzodiazepine	  (Scheme	  5).	  The	  reaction	  was	  shown	  to	  be	  peri	  
and	  regiospecific.	  Indeed,	  only	  the	  allylic	  double	  bond	  was	  affected	  during	  the	  reaction	  and	  
the	  addition	  orientation	  corresponds	  to	  the	  dipole	  nitrogen	  attack	  on	  the	  more	  substituted	  
allylic	  sp2	  carbon	  atom.	  
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The	  structures	  of	  the	  obtained	  compounds	  were	  elucidated	  through	  1H,	  13C	  NMR,	  IR	  and	  MS	  
analysis.	  The	  1H	  NMR	  spectrum	  of	  compound	  18	  (compound	  19)	  showed	  the	  superposition	  of	  
the	  methylenic	  protons	  signals	  which	  appeared	  as	  unresolved	  multiplet	  at	  3.42	  ppm	  (3.28	  
ppm	  for	  compound	  19).	  The	  signal	  attributed	  to	  the	  methyne	  proton	  linked	  to	  the	  5	  position	  
of	  the	  isoxazolinic	  ring	  appeared	  as	  a	  massif	  at	  4.71	  ppm	  (4.46	  ppm	  for	  compound	  19).	  These	  
data	  are	  in	  agreement	  with	  previously	  reported	  data	  [19,	  20].	  The	  proposed	  structures	  were	  
also	  in	  agreement	  with	  the	  presence	  of	  a	  massif	  at	  4.88	  ppm	  (5.06	  ppm	  for	  compound	  19)	  
which	  was	  attributed	  to	  the	  proton	  linked	  to	  the	  position	  4	  of	  the	  diazepine	  skeleton.	  
	   	  
The	  reaction	  regiospecificity	  was	  easily	  confirmed	  through	  13C	  NMR	  analysis	  which	  showed	  
the	  signals	  of	  the	  isoxazolinic	  ring	  C-‐4	  and	  C-‐5	  carbon	  atoms	  at	  37.98	  and	  78.99	  ppm	  for	  
compound	  18	  (38.18	  and	  78.26	  ppm	  for	  compound	  19).	  The	  other	  carbon	  atoms	  were	  also	  



64 Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

J.	  Tene	  Ghomsi	  et	  al.	   4-Phenyl-1,5-benzodiazepin-2-one  Compound	  
	  

Frontiers	  in	  Science	  and	  Engineering	  
An	  International	  Journal	  Edited	  by	  Hassan	  II	  Academy	  of	  Science	  and	  Technology	  

	   	  9	  

N

NH

O Ph

C2H5

NC OH
H

N

NH

NO

O Ph

C2H5

2015 	  
Scheme	  6	  

	   	  
The	  structural	  characterization	  of	  compound	  20	  was	  achieved	  on	  the	  basis	  of	  1H,	  13C	  NMR,	  MS	  
spectroscopy	  data	  and	  R-‐X	  diffraction	  crystallography.	  Thus,	  the	  1H	  NMR	  spectrum	  of	  
compound	  20	  revealed	  the	  presence	  of	  a	  signal	  at	  6.32	  ppm	  which	  was	  attributed	  to	  the	  
proton	  linked	  to	  the	  4	  position	  of	  the	  isoxazolic	  skeleton.	  This	  is	  in	  agreement	  with	  the	  
proposed	  given	  structure.	  The	  opposite	  orientation	  of	  the	  reaction	  would	  have	  given	  a	  
compound	  which	  1H	  NMR	  spectrum	  presents	  a	  signal	  resonating	  around	  8	  ppm	  corresponding	  
to	  the	  isoxazolic	  proton	  in	  the	  5	  position	  [21].	  The	  methylen	  protons	  linked	  to	  the	  secondary	  
nitrogen	  atom	  gave	  a	  multiplet	  at	  4.45	  ppm,	  while	  the	  two	  methylen	  of	  the	  lateral	  chain	  
appeared	  as	  a	  massif	  and	  a	  triplet	  located	  respectively	  at	  2.35	  and	  2.92	  ppm.	  
The	  reaction	  regiospecificity	  was	  further	  deduced	  by	  13C	  NMR	  analysis	  where	  a	  signal	  at	  99.92	  
ppm	  attributed	  to	  the	  more	  hydrogenated	  isoxazolic	  carbon	  atom.	  The	  two	  methylen	  of	  the	  
lateral	  chain	  gave	  signals	  at	  31.54	  and	  35.96	  ppm.	  The	  other	  signals	  were	  in	  agreement	  with	  
the	  proposed	  structure,	  in	  particular	  the	  presence	  of	  signal	  corresponding	  to	  the	  aromatic	  and	  
the	  carbonyl	  carbon	  atoms	  were	  observed.	  
	   	  

2.4.3.	  Condensation	  of	  the	  dipolarophile	  16	  with	  the	  p-‐chlorobenzaldehyde	  oxime	  
17	  

In	  the	  same	  manner,	  the	  condensation	  of	  compound	  16	  with	  the	  p-‐chlorobenzaldehyde	  oxime,	  
generated	  in	  situ	  by	  action	  of	  sodium	  hypochlorite	  bleach	  on	  the	  oxime	  17,	  yield	  the	  
isoxazoline	  21	  resulting	  from	  the	  regio	  and	  periselective	  fixation	  of	  the	  dipole	  on	  the	  allylic	  
double	  bond	  (Scheme	  7).	  
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observed	  on	  the	  spectra	  and	  were	  easily	  attributed.	  The	  structure	  of	  compound	  18	  was	  finally	  
confirmed	  through	  a	  cristallographic	  X-‐ray	  diffraction	  analysis	  (Figure	  1).	  
	  

	  
Figure	  1:	  Structure	  of	  compound	  18	  determined	  by	  X	  rays	  diffraction	  	  
	  
On	  the	  basis	  of	  the	  obtained	  results,	  it	  seems	  that	  the	  action	  of	  an	  excess	  of	  p-‐
chlorobenzaldehyde	  oxime	  17	  on	  the	  dipolarophiles	  13	  and	  14	  yields	  the	  monocycloadducts	  
18	  and	  19.	  These	  compounds	  resulted	  from	  the	  regiospecific	  condensation	  of	  the	  dipole	  on	  
the	  exocyclic	  double	  bond	  C=C.	  The	  carbonyl	  function	  was	  not	  showed	  to	  participate	  in	  the	  
reaction	  process	  and	  then	  was	  not	  involved.	  
	  

2.4.2.	  Condensation	  of	  the	  dipolarophile	  15	  with	  benzaldehyde	  oxime	  

	   Pursuing	  our	  work	  on	  1,3-‐dipolar	  cycloadditions,	  we	  describe	  here	  reactions	  using	  
dipoles	  with	  arylnitriloxyde	  skeleton	  and	  substrates	  with	  different	  dipolarophile	  sites	  such	  as	  
the	  double	  (triple)	  bond	  and	  the	  amidic	  carbon.	  The	  use	  of	  an	  excess	  of	  benzaldehyde	  oxime	  
on	  the	  dipolarophile	  15	  yield	  the	  cycloadduct	  20,	  resulting	  from	  the	  implication	  of	  the	  triple	  
propargylic	  bond	  during	  the	  cycloaddition	  reaction,	  while	  the	  carbonyl	  was	  not	  involved	  
(Scheme	  6).	  
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The	  structural	  characterization	  of	  compound	  20	  was	  achieved	  on	  the	  basis	  of	  1H,	  13C	  NMR,	  MS	  
spectroscopy	  data	  and	  R-‐X	  diffraction	  crystallography.	  Thus,	  the	  1H	  NMR	  spectrum	  of	  
compound	  20	  revealed	  the	  presence	  of	  a	  signal	  at	  6.32	  ppm	  which	  was	  attributed	  to	  the	  
proton	  linked	  to	  the	  4	  position	  of	  the	  isoxazolic	  skeleton.	  This	  is	  in	  agreement	  with	  the	  
proposed	  given	  structure.	  The	  opposite	  orientation	  of	  the	  reaction	  would	  have	  given	  a	  
compound	  which	  1H	  NMR	  spectrum	  presents	  a	  signal	  resonating	  around	  8	  ppm	  corresponding	  
to	  the	  isoxazolic	  proton	  in	  the	  5	  position	  [21].	  The	  methylen	  protons	  linked	  to	  the	  secondary	  
nitrogen	  atom	  gave	  a	  multiplet	  at	  4.45	  ppm,	  while	  the	  two	  methylen	  of	  the	  lateral	  chain	  
appeared	  as	  a	  massif	  and	  a	  triplet	  located	  respectively	  at	  2.35	  and	  2.92	  ppm.	  
The	  reaction	  regiospecificity	  was	  further	  deduced	  by	  13C	  NMR	  analysis	  where	  a	  signal	  at	  99.92	  
ppm	  attributed	  to	  the	  more	  hydrogenated	  isoxazolic	  carbon	  atom.	  The	  two	  methylen	  of	  the	  
lateral	  chain	  gave	  signals	  at	  31.54	  and	  35.96	  ppm.	  The	  other	  signals	  were	  in	  agreement	  with	  
the	  proposed	  structure,	  in	  particular	  the	  presence	  of	  signal	  corresponding	  to	  the	  aromatic	  and	  
the	  carbonyl	  carbon	  atoms	  were	  observed.	  
	   	  

2.4.3.	  Condensation	  of	  the	  dipolarophile	  16	  with	  the	  p-‐chlorobenzaldehyde	  oxime	  
17	  

In	  the	  same	  manner,	  the	  condensation	  of	  compound	  16	  with	  the	  p-‐chlorobenzaldehyde	  oxime,	  
generated	  in	  situ	  by	  action	  of	  sodium	  hypochlorite	  bleach	  on	  the	  oxime	  17,	  yield	  the	  
isoxazoline	  21	  resulting	  from	  the	  regio	  and	  periselective	  fixation	  of	  the	  dipole	  on	  the	  allylic	  
double	  bond	  (Scheme	  7).	  
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Mass	  spectra	  were	  recorded	  on	  a	  Mat	  311A	  Varian	  apparatus	  in	  Electronic	  Impact	  (EI)	  or	  
Field	  Desorption	  (DCI,	  NH3)	  modes.	  The	  used	  apparatus	  were	  equipped	  with	  data	  analysis	  
software	  (Data	  system	  2040).	  
Melting	  points	  were	  obtained	  on	  a	  capillary	  tube	  using	  a	  Mettler	  FP62	  apparatus	  or	  on	  a	  Koffler	  
melting	  apparatus	  and	  were	  uncorrected.	  IR	  spectra	  have	  been	  recorded	  between	  1600	  and	  
4000	  cm-‐1	  on	  a	  Perkin	  Elmer	  1600	  apparatus.	  
	  

4.2.	  Synthesis	  

4.2.1.	  Synthesis	  of	  the	  4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  1	  

In	  a	  glass	  vial	  equipped	  with	  an	  azeotropic	  separator	  containing	  60	  mL	  of	  xylene,	  0.1	  mole	  of	  
o-‐phenylendiamine	  and	  the	  corresponding	  amount	  of	  ethyl	  benzoylacetate	  were	  dissolved	  
and	  the	  mixture	  was	  heated	  for	  one	  hour.	  After	  cooling,	  the	  precipitate	  was	  filtered	  and	  
washed	  with	  xylene.	  
	  
Yield:	  90	  %,	  Mp.:	  198-‐200	  °C,	  	  C15H14N2O	  
1H	  NMR	  (CDCl3):	  3.41	  (s,	  2H);	  7.15-‐7.95	  (m,	  9H);	  11.75	  (s,	  NH).	  	  
13C	  NMR	  (CDCl3):	  36.51	  (CH2);	  121.72-‐128.13	  (CHar);	  134.41	  (Car);	  138.89	  (Car);	  139.11	  
(Car);	  144.18	  (C=N);	  171.19	  (C=O).	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  237.	  
IR	  (KBr):	  νC=O:	  1670	  cm-‐1.	  	  
	  
4.2.2.	  Preparation	  of	  4-‐phenyl-‐2,3,4,5-‐tetrahydro-‐1H-‐1,5-‐benzodiazepin-‐2-‐one	  2	  

In	  a	  hydrogen	  reactor	  containing	  0.01	  mole	  of	  4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  1	  in	  50	  ml	  of	  
anhydrous	  ethanol,	  200	  mg	  of	  palladium	  on	  activated	  charcoal	  were	  added	  and	  the	  mixture	  
was	  submitted	  to	  a	  stirring	  at	  room	  temperature	  over	  night.	  After	  filtration,	  the	  solvent	  
volume	  was	  reduced	  by	  evaporation	  and	  the	  product	  was	  obtained	  as	  a	  white	  solid	  by	  
recristallization.	  
	  
Yield:	  85	  %,	  Mp.:	  172-‐174	  °C,	  C15H14N2O	  	  
1H	  NMR	  (CDCl3):	  2.71	  (dd,	  J	  =	  4.92	  and	  16.6	  Hz,	  1H);	  2.78	  (dd,	  J	  =	  10.04	  and	  16.6	  Hz,	  1H);	  5.00	  
(m,	  1H,	  C4H);	  6.82-‐7.12	  (m,	  9H).	  
13C	  NMR	  (CDCl3):	  41.19	  (CH2);	  65.45	  (C4H);	  122.32-‐128.95	  (CHar);	  135.85	  (Car);	  139.19	  
(Car);	  144.52	  (Car);	  170.59	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  239.	  	  
IR	  (KBr):	  νC=O:	  1670	  cm-‐1.	  	  
	  
4.2.3.	  Preparation	  of	  N-‐alkyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐ones	  3	  –	  5	  	  

0.01	  moles	  of	  4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  1	  were	  dissolved	  in	  60	  mL	  of	  DMF.	  0.02	  mole	  
of	  the	  corresponding	  alkylant	  agent,	  0.02	  mole	  of	  potassium	  carbonate	  and	  few	  milligrams	  of	  
tetrabutylammonium	  bromide	  were	  then	  added.	  The	  mixture	  was	  stirred	  at	  room	  
temperature	  for	  24	  hours.	  After	  filtration,	  the	  solvent	  was	  removed	  under	  reduced	  pressure	  
and	  dichloromethane	  was	  added	  in	  order	  to	  precipitate	  salt	  residues.	  After	  a	  second	  filtration	  
and	  solvent	  evaporation,	  the	  pure	  products	  were	  obtained	  after	  recristallization	  in	  ethanol.	  
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The	  structure	  of	  the	  cycloadduct	  21	  was	  confirmed	  on	  the	  basis	  of	  1H,	  13C	  NMR,	  IR	  and	  MS	  
spectral	  data.	  The	  1H	  NMR	  spectrum	  of	  compound	  21	  presents	  a	  massif	  at	  5.88	  ppm	  assigned	  
to	  the	  position	  5	  isoxazolonic	  proton.	  The	  two	  methylen	  protons	  in	  the	  4	  position	  of	  the	  
isoxazolonic	  skeleton	  which	  were	  expected	  to	  give	  a	  double	  doublet	  [19]	  were	  overlapped	  
with	  the	  signals	  of	  the	  methylene	  protons	  linked	  to	  the	  nitrogen	  atom.	  These	  4	  protons	  gave	  
thus	  a	  multiplet	  at	  3.45	  ppm.	  The	  protons	  of	  the	  methylen	  group	  linked	  to	  the	  tertiary	  
nitrogen	  appeared	  as	  an	  AB	  system	  at	  4.15	  ppm,	  while	  the	  dishielded	  quartet	  located	  at	  4.25	  
ppm	  was	  attributed	  to	  the	  methylen	  protons	  of	  the	  ethoxycarbonyl	  group.	  
The	  13C	  NMR	  spectrum	  recorded	  in	  CDCl3,	  confirms	  the	  regiospecificity	  of	  the	  dipole	  attack.	  In	  
particular	  the	  presence	  of	  signals	  at	  38.26	  and	  79.74	  ppm	  corresponding	  respectively	  to	  the	  
carbons	  in	  the	  4	  and	  5	  positions	  of	  the	  isoxazolonic	  skeleton	  were	  observed.	  Two	  signals	  
located	  at	  14.18	  and	  61.75	  ppm	  were	  also	  observed,	  and	  were	  attributed	  to	  the	  two	  
ethoxycarbonyl	  group	  carbon	  atoms.	  The	  other	  observed	  signals	  were	  in	  agreement	  with	  the	  
proposed	  structure.	  In	  particular	  the	  protons	  of	  the	  two	  methylen	  groups	  linked	  to	  the	  
nitrogen	  atom	  were	  observed	  at	  46.61	  and	  51.62	  ppm.	  The	  more	  dishielded	  signal	  appeared	  
at	  174.02	  ppm	  and	  was	  assigned	  to	  the	  lactame	  carbonyl	  group.	  
The	  mass	  spectrum,	  recorded	  in	  EI	  mode,	  confirmed	  the	  mono-‐condensation	  reaction.	  The	  
molecular	  ion	  signal	  was	  thus	  observed	  at	  m/z:	  519	  in	  agreement	  with	  the	  proposed	  structure	  
formula	  and	  its	  isotopic	  ratio.	  The	  fragment	  observed	  at	  m/z:	  339	  was	  attributed	  to	  the	  loss	  of	  
the	  isoxazoline	  moiety	  with	  a	  p-‐chlorphenyl	  as	  substituent	  at	  the	  3	  position.	  
	  

3.	  Conclusion	  
Several	  new	  molecules	  containing	  isoxazolic	  and	  isoxazolinic	  skeletons	  were	  synthesized	  
through	  the	  action	  of	  arylnitriloxides	  on	  multiple	  double	  and	  triple	  bonds.	  The	  double	  C=O	  
bond	  was	  shown	  to	  be	  inactive	  on	  the	  used	  dipoles	  and	  the	  used	  conditions.	  The	  prepared	  
isoxazolic	  compounds	  are	  expected	  to	  have	  various	  pharmacological	  properties.	  Products	  
with	  similar	  structures	  have	  been	  introduced	  in	  therapeutic	  use	  since	  the	  fourteen	  and	  are	  
nowadays	  used	  as	  specific	  antibiotics	  against	  tumors	  [22].	  In	  further	  organic	  synthesis,	  the	  C-‐
O	  bond	  could	  be	  broken	  through	  reduction	  yielding	  new	  derivatives	  with	  an	  amino	  and	  a	  
hydroxyl	  functions.	  
	  
	  
	  
4.	  Experimental	  

4.1.	  Generals	  
1H	  NMR	  spectra	  have	  been	  recorded	  on	  an	  AC	  200	  and	  250	  Brucker	  apparatus	  operating	  
respectively	  at	  200	  and	  250	  MHz.	  Chemical	  shifts	  (δ)	  and	  constant	  couplings	  (J)	  are	  given	  in	  
ppm	  and	  Hz	  respectively.	  The	  following	  abbreviations	  were	  used:	  s	  for	  singlet,	  d	  for	  doublet,	  
dd	  for	  double	  doublet,	  t	  for	  triplet,	  q	  for	  quartet	  and	  m	  for	  multiplet	  or	  massif.	  13C	  NMR	  
spectra	  were	  recorded	  on	  an	  AC	  200	  and	  250	  Brucker	  apparatus	  at	  50.32	  and	  62.8	  MHz	  
respectively.	  
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Mass	  spectra	  were	  recorded	  on	  a	  Mat	  311A	  Varian	  apparatus	  in	  Electronic	  Impact	  (EI)	  or	  
Field	  Desorption	  (DCI,	  NH3)	  modes.	  The	  used	  apparatus	  were	  equipped	  with	  data	  analysis	  
software	  (Data	  system	  2040).	  
Melting	  points	  were	  obtained	  on	  a	  capillary	  tube	  using	  a	  Mettler	  FP62	  apparatus	  or	  on	  a	  Koffler	  
melting	  apparatus	  and	  were	  uncorrected.	  IR	  spectra	  have	  been	  recorded	  between	  1600	  and	  
4000	  cm-‐1	  on	  a	  Perkin	  Elmer	  1600	  apparatus.	  
	  

4.2.	  Synthesis	  

4.2.1.	  Synthesis	  of	  the	  4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  1	  

In	  a	  glass	  vial	  equipped	  with	  an	  azeotropic	  separator	  containing	  60	  mL	  of	  xylene,	  0.1	  mole	  of	  
o-‐phenylendiamine	  and	  the	  corresponding	  amount	  of	  ethyl	  benzoylacetate	  were	  dissolved	  
and	  the	  mixture	  was	  heated	  for	  one	  hour.	  After	  cooling,	  the	  precipitate	  was	  filtered	  and	  
washed	  with	  xylene.	  
	  
Yield:	  90	  %,	  Mp.:	  198-‐200	  °C,	  	  C15H14N2O	  
1H	  NMR	  (CDCl3):	  3.41	  (s,	  2H);	  7.15-‐7.95	  (m,	  9H);	  11.75	  (s,	  NH).	  	  
13C	  NMR	  (CDCl3):	  36.51	  (CH2);	  121.72-‐128.13	  (CHar);	  134.41	  (Car);	  138.89	  (Car);	  139.11	  
(Car);	  144.18	  (C=N);	  171.19	  (C=O).	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  237.	  
IR	  (KBr):	  νC=O:	  1670	  cm-‐1.	  	  
	  
4.2.2.	  Preparation	  of	  4-‐phenyl-‐2,3,4,5-‐tetrahydro-‐1H-‐1,5-‐benzodiazepin-‐2-‐one	  2	  

In	  a	  hydrogen	  reactor	  containing	  0.01	  mole	  of	  4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  1	  in	  50	  ml	  of	  
anhydrous	  ethanol,	  200	  mg	  of	  palladium	  on	  activated	  charcoal	  were	  added	  and	  the	  mixture	  
was	  submitted	  to	  a	  stirring	  at	  room	  temperature	  over	  night.	  After	  filtration,	  the	  solvent	  
volume	  was	  reduced	  by	  evaporation	  and	  the	  product	  was	  obtained	  as	  a	  white	  solid	  by	  
recristallization.	  
	  
Yield:	  85	  %,	  Mp.:	  172-‐174	  °C,	  C15H14N2O	  	  
1H	  NMR	  (CDCl3):	  2.71	  (dd,	  J	  =	  4.92	  and	  16.6	  Hz,	  1H);	  2.78	  (dd,	  J	  =	  10.04	  and	  16.6	  Hz,	  1H);	  5.00	  
(m,	  1H,	  C4H);	  6.82-‐7.12	  (m,	  9H).	  
13C	  NMR	  (CDCl3):	  41.19	  (CH2);	  65.45	  (C4H);	  122.32-‐128.95	  (CHar);	  135.85	  (Car);	  139.19	  
(Car);	  144.52	  (Car);	  170.59	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  239.	  	  
IR	  (KBr):	  νC=O:	  1670	  cm-‐1.	  	  
	  
4.2.3.	  Preparation	  of	  N-‐alkyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐ones	  3	  –	  5	  	  

0.01	  moles	  of	  4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  1	  were	  dissolved	  in	  60	  mL	  of	  DMF.	  0.02	  mole	  
of	  the	  corresponding	  alkylant	  agent,	  0.02	  mole	  of	  potassium	  carbonate	  and	  few	  milligrams	  of	  
tetrabutylammonium	  bromide	  were	  then	  added.	  The	  mixture	  was	  stirred	  at	  room	  
temperature	  for	  24	  hours.	  After	  filtration,	  the	  solvent	  was	  removed	  under	  reduced	  pressure	  
and	  dichloromethane	  was	  added	  in	  order	  to	  precipitate	  salt	  residues.	  After	  a	  second	  filtration	  
and	  solvent	  evaporation,	  the	  pure	  products	  were	  obtained	  after	  recristallization	  in	  ethanol.	  
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For	  obtaining	  compounds	  7	  and	  10,	  the	  ethanolic	  solution	  was	  concentrated	  to	  dryness	  and	  
30	  mL	  of	  hexane	  were	  added	  for	  the	  precipitation	  of	  the	  obtained	  oily	  residue.	  
	  
N-Aminophenyl-N-methylbenzylacetamide	  7	  
Yield:	  90	  %,	  Mp.:	  103-‐105	  °C,	  C16H18N2O.	  	  
1H	  NMR	  (CDCl3):	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  255	  
	  
N-Aminophenyl-N-ethylbenzylacetamide	  8	  
Yield:	  79	  %,	  Mp.:	  135-‐137	  °C,	  C17H20N2O.	  
1H	  NMR	  (CDCl3):	  	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  269	  
	  	  
N-Aminophenyl-N-methylethoxycarbonylbenzylacetamide	  9	  
Yield:	  65	  %,	  Mp.:	  106-‐108	  °C,	  C19H22N2O3.	  	  
1H	  NMR	  (CDCl3):	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  327	  
	  
N-Aminophenyl-N-benzylbenzylacetamide	  10	  
Yield:	  87	  %,	  MP.:	  90-‐100	  °C,	  C22H22N2O.	  	  
1H	  NMR	  (CDCl3):	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  331	  
	  
4.2.6.	  Preparation	  of	  compounds	  11	  and	  12	  

The	  same	  experimental	  procedure	  indicated	  above	  was	  used	  here,	  with	  the	  1-‐methyl(benzyl)-‐
4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  3	  (4)	  as	  starting	  materials.	  The	  obtained	  raw	  mixture	  was	  
also	  treated	  as	  indicated	  above.	  
	  
1-Methyl-4-phenyl-2,3,4,5-tetrahydro-1H-1,5-benzodiazepin-2-one	  11	  
Yield:	  70	  %,	  Mp.:	  126-‐128	  °C.	  C16H16N2O	  	  	  	  	  	  	  
1H	  NMR	  (CDCl3):	  2.63	  (q,	  J	  =	  4.92	  and	  12.78	  Hz,	  1H);	  2.79	  (dd,	  J	  =	  10.04	  and	  12.78	  Hz,	  1H);	  3.4	  
(s,	  3H);	  4.99	  (m,	  1H,	  C4H);	  6.81-‐7.12	  (m,	  9H).	  	  
13C	  NMR	  (CDCl3):	  35.79	  (NCH3);	  41.19	  (CH2);	  65.45	  (C4H);	  122.32-‐128.95	  (CHar);	  135.85	  
(Car);	  139.19	  (Car);	  144.52	  (Car);	  170.59	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  253.	  	  
IR	  (KBr):	  νC=O:	  1680	  cm-‐1;	  νNH:	  3185	  cm-‐1.	  	  
	  
1-Benzyl-4-phenyl-2,3,4,5-tetrahydro-1H-1,5-benzodiazepin-2-one	  12	  
Yield:	  72	  %,	  Mp.:	  134-‐136	  °C,	  C22H20N2O.	  
1H	  NMR	  (CDCl3):	  2.72	  (dd,	  J	  =	  4.92	  and	  16.5	  Hz,	  1H);	  2.89	  (dd,	  J	  =	  10.04	  and	  16.5	  Hz,	  1H);	  5.06	  
(m,	  1H,	  C4H);	  5.13	  (s,	  2H);	  6.80-‐7.11	  (m,	  14H).	  	  
13C	  NMR	  (CDCl3):	  41.16	  (CH2);	  51.63	  (NCH2);	  65.64	  (C4H);	  122.76-‐128.95	  (CHar);	  135.06	  
(Car);	  137.76	  (Car);	  139.19	  (Car);	  144.42	  (Car);	  170.70	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  329.	  	  
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1-	  Methyl-4-phenyl-1,5-benzodizepin-2-one	  3	  
Yield:	  50	  %,	  Mp.:	  77-‐79	  °C,	  C16H14N2O	  	  	  	  	  	  	  
1H	  NMR	  (CDCl3):	  2.95	  (d,	  J	  =	  11.72	  Hz,	  1H);	  3.72	  (d,	  J	  =	  11.72	  Hz,	  1H);	  3.4	  (s,	  3H);	  6.8-‐7.12	  (m,	  
9H).	  	  
13C	  NMR	  (CDCl3):	  35.55	  (CH2);	  35.79	  (NCH3);	  122.32-‐128.95	  (CHar);	  135.85	  (Car);	  138.15	  
(Car);	  139.19	  (Car);	  144.52	  (C=N);	  170.59	  (C=O).	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  251.	  	  
IR	  (KBr):	  νC=O:	  1675	  cm-‐1.	  	  
	  
1-Ethyl-4-phenyl-1,5-benzodizepin-2-one	  4	  
Yield:	  90	  %,	  Mp.:	  90-‐92°C,	  	  C17H16N2O	  
1H	  NMR	  (CDCl3):	  1.2	  (t,	  J	  =	  7.12	  Hz,	  3H);	  2.95	  (d,	  J	  =	  12	  Hz,	  1H);	  3.9	  (q,	  J	  =	  7.12	  Hz,	  2H);	  4.05	  (d,	  
J	  =	  12	  Hz,	  1H);	  7.00-‐7.9	  (m,	  9H).	  
13C	  NMR	  (CDCl3):	  13.11	  (CH3);	  35.85	  (CH2);	  42.2	  (NCH2);	  111.47-‐129.64	  (CHar);	  127.17	  (Car);	  
139.12	  (Car);	  141.49	  (Car);	  143.16	  (C=N);	  172.93	  (C=O).	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  265.	  	  
IR	  (KBr):	  νC=O:	  1680	  cm-‐1.	  	  
	  
1-Ethoxycarbonylmethyl-4-phenyl-1,5-benzodizepin-2-one	  5	  
Yield:	  75	  %,	  Mp.:	  112-‐114	  °C,	  C19H18N2O3.	  
1H	  NMR	  (CDCl3):	  1.23	  (t,	  J	  =	  7.32	  Hz,	  3H);	  3.12	  (d,	  J	  =	  12.6	  Hz,	  1H);	  4.23	  (m,	  2H,	  2H);	  4.62	  (d,	  J	  =	  
12.6	  Hz,	  1H);	  7.26-‐7.49	  (m,	  7H);	  8.1-‐8.14	  (m,	  2H).	  	  
13C	  NMR	  (CDCl3):	  14.11	  (CH3);	  39.51	  (CH2);	  50.64	  (NCH2);	  61.70	  (OCH2);	  121.85-‐131.21	  
(CHar);	  134.21	  (Car);	  137.42	  (Car);	  141.73	  (Car);	  160.75	  (C=N);	  166.2	  (C=O);	  168.88	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  323.	  	  
IR	  (KBr):	  νC=O:	  1674.8	  cm-‐1;	  νC=O:	  1718	  cm-‐1	  νC=N:	  1590	  cm-‐1.	  
	  
4.2.4.	  Preparation	  of	  1-‐benzyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  6	  	  	  

To	  a	  solution	  containing	  0.01	  mole	  of	  benzodiazepine	  1	  and	  0.015	  mole	  of	  benzyle	  chloride	  in	  
60	  mL	  of	  toluene,	  10	  mL	  of	  50	  %	  NaOH	  and	  few	  milligrams	  of	  tetrabutylammonium	  bromide	  
were	  added.	  After	  stirring	  over	  night	  at	  room	  temperature,	  the	  organic	  layer	  was	  separated	  
from	  the	  mixture,	  washed	  with	  diluted	  HCl	  and	  dried	  on	  sodium	  sulphate.	  The	  solid	  product	  
was	  obtained	  after	  evaporation	  of	  toluene	  under	  reduced	  pressure,	  followed	  by	  
recristallization	  in	  ethanol.	  
	  
Yield:	  86	  %,	  Mp.:	  128-‐130	  °C,	  C22H18N2O	  	  	  	  	  	  	  
1H	  NMR	  (CDCl3):	  3.15	  (d,	  J	  =	  11.7	  Hz,	  1H);	  4.22	  (d,	  J	  =	  11.7	  Hz,	  1H);	  5.14	  (s,	  2H);	  7.07-‐7.55	  (m,	  
12H);	  8.11-‐8.17	  (m,	  2H).	  	  
13C	  NMR	  (CDCl3):	  39.98	  (CH2);	  51.25	  (NCH2);	  108.73	  (Car);	  122.21-‐131.19	  (CHar);	  135.15	  
(Car);	  137.21	  (Car);	  142.19	  (Car);	  161.15	  (C=N);	  165.9	  (C=O).	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  327.	  	  
IR	  (KBr):	  νC=O:	  1680	  cm-‐1;	  νC=N:	  1578	  cm-‐1.	  
	  
4.2.5.	  Preparation	  of	  compounds	  7-‐10	  

The	  experimental	  procedure	  used	  here	  was	  similar	  to	  that	  for	  the	  synthesis	  of	  compound	  2.	  
The	  starting	  material	  here	  were	  the	  1-‐alkyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐ones	  3-‐6	  or	  the	  1-‐
methyl(benzyl)-‐4-‐phenyl-‐2,3,4,5-‐tetrahydro-‐1H-‐1,5-‐benzodiazepin-‐2-‐one	  derivatives	  11,	  12.	  
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For	  obtaining	  compounds	  7	  and	  10,	  the	  ethanolic	  solution	  was	  concentrated	  to	  dryness	  and	  
30	  mL	  of	  hexane	  were	  added	  for	  the	  precipitation	  of	  the	  obtained	  oily	  residue.	  
	  
N-Aminophenyl-N-methylbenzylacetamide	  7	  
Yield:	  90	  %,	  Mp.:	  103-‐105	  °C,	  C16H18N2O.	  	  
1H	  NMR	  (CDCl3):	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  255	  
	  
N-Aminophenyl-N-ethylbenzylacetamide	  8	  
Yield:	  79	  %,	  Mp.:	  135-‐137	  °C,	  C17H20N2O.	  
1H	  NMR	  (CDCl3):	  	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  269	  
	  	  
N-Aminophenyl-N-methylethoxycarbonylbenzylacetamide	  9	  
Yield:	  65	  %,	  Mp.:	  106-‐108	  °C,	  C19H22N2O3.	  	  
1H	  NMR	  (CDCl3):	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  327	  
	  
N-Aminophenyl-N-benzylbenzylacetamide	  10	  
Yield:	  87	  %,	  MP.:	  90-‐100	  °C,	  C22H22N2O.	  	  
1H	  NMR	  (CDCl3):	  see	  Table	  1.	  	  
13C	  NMR	  (CDCl3):	  see	  Table	  2.	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z	  =	  331	  
	  
4.2.6.	  Preparation	  of	  compounds	  11	  and	  12	  

The	  same	  experimental	  procedure	  indicated	  above	  was	  used	  here,	  with	  the	  1-‐methyl(benzyl)-‐
4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  3	  (4)	  as	  starting	  materials.	  The	  obtained	  raw	  mixture	  was	  
also	  treated	  as	  indicated	  above.	  
	  
1-Methyl-4-phenyl-2,3,4,5-tetrahydro-1H-1,5-benzodiazepin-2-one	  11	  
Yield:	  70	  %,	  Mp.:	  126-‐128	  °C.	  C16H16N2O	  	  	  	  	  	  	  
1H	  NMR	  (CDCl3):	  2.63	  (q,	  J	  =	  4.92	  and	  12.78	  Hz,	  1H);	  2.79	  (dd,	  J	  =	  10.04	  and	  12.78	  Hz,	  1H);	  3.4	  
(s,	  3H);	  4.99	  (m,	  1H,	  C4H);	  6.81-‐7.12	  (m,	  9H).	  	  
13C	  NMR	  (CDCl3):	  35.79	  (NCH3);	  41.19	  (CH2);	  65.45	  (C4H);	  122.32-‐128.95	  (CHar);	  135.85	  
(Car);	  139.19	  (Car);	  144.52	  (Car);	  170.59	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  253.	  	  
IR	  (KBr):	  νC=O:	  1680	  cm-‐1;	  νNH:	  3185	  cm-‐1.	  	  
	  
1-Benzyl-4-phenyl-2,3,4,5-tetrahydro-1H-1,5-benzodiazepin-2-one	  12	  
Yield:	  72	  %,	  Mp.:	  134-‐136	  °C,	  C22H20N2O.	  
1H	  NMR	  (CDCl3):	  2.72	  (dd,	  J	  =	  4.92	  and	  16.5	  Hz,	  1H);	  2.89	  (dd,	  J	  =	  10.04	  and	  16.5	  Hz,	  1H);	  5.06	  
(m,	  1H,	  C4H);	  5.13	  (s,	  2H);	  6.80-‐7.11	  (m,	  14H).	  	  
13C	  NMR	  (CDCl3):	  41.16	  (CH2);	  51.63	  (NCH2);	  65.64	  (C4H);	  122.76-‐128.95	  (CHar);	  135.06	  
(Car);	  137.76	  (Car);	  139.19	  (Car);	  144.42	  (Car);	  170.70	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  329.	  	  
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13C	  NMR	  (DMSOd6):	  12.55	  (CH3);	  30.79	  (CH2Ph);	  31.71	  (COCH2);	  35.27(NCH2);	  41.18	  (NCH2);	  
72.42	  (≡CH);	  82.11	  (-‐C≡);	  111.97-‐129.36	  (CHar);	  126.88	  (Car);	  141.22	  (Car);	  143.6	  (Car);	  
171.04	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  307.	  
	  
N-methylethoxycarbonyl-N-(o-allylaminophenyl)benzylacetamide	  16	  
The	  experimental	  procedure	  used	  here	  was	  as	  described	  above.	  The	  alkylation	  was	  achieved	  
by	  allyl	  bromide	  on	  compound	  9	  during	  3	  days.	  The	  product	  was	  then	  obtained	  as	  a	  yellow	  
powder	  after	  recristallization	  of	  the	  raw	  mixture	  in	  ethanol.	  
	  
Yield:	  70	  %,	  Mp.:	  68-‐	  70	  °C.	  C22H26N2O3.	  
1H	  NMR	  (CDCl3):	  1.26	  (t,	  J	  =	  7.34	  Hz,	  3H);	  2.5	  (t,	  J	  =	  7.1	  Hz,	  2H);	  2.92	  (t,	  J	  =	  7	  Hz,	  2H);	  3.74	  (m,	  
2H);	  3.76	  (d,	  J	  =	  16.8	  Hz,	  1H);	  4.61	  (d,	  J	  =	  16.8	  Hz,	  1H);	  5.15	  (m,	  2H,	  =CH2);	  5.7	  (t,	  J	  =	  6.3	  Hz,	  1H,	  
NH);	  5.92	  (m,	  1H,	  =CH);	  6.57-‐6.65	  (m,	  3Har);	  6.87-‐7.10	  (m,	  6Har).	  	  
13C	  NMR	  (CDCl3):	  14.18	  (CH3);	  31.22	  (CH2);	  34.95	  (CH2);	  45.71	  (NCH2);	  51.55	  (NCH2);	  61.64	  
(OCH2);	  116.05	  (=CH2);	  111.78-‐134.99	  (CHar,	  =CH);	  134.08	  (Car);	  134.99	  (Car);	  141.30	  (Car);	  
144.98	  (Car);	  170.72	  (C=O);	  174.06	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  367.	  
	  
4.2.9.	  Synthesis	  of	  compounds	  18	  and	  19	  

To	  a	  solution	  containing	  0.01	  mole	  of	  1-‐methyl(benzyl)-‐5-‐allyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐
one	  13	  (14)	  and	  0.02	  mole	  of	  p-‐chlorobenzaldehyde	  oxime	  17	  in	  40	  mL	  of	  dichloromethane	  
under	  magnetic	  stirring	  at	  0	  °C,	  20	  mL	  of	  natrium	  hypochlorite	  were	  added	  drop	  wise.	  After	  5	  
(10)	  hours,	  the	  organic	  layer	  was	  washed	  twice	  with	  water	  and	  dried	  over	  magnesium	  
sulphate.	  After	  filtration	  and	  solvent	  removing,	  compound	  18	  (19)	  was	  obtained	  after	  silicagel	  
column	  chromatography	  using	  hexane/ethyl	  acetate	  9.5/0.5	  (9/1)	  as	  eluent.	  
	  
1-methyl-4-phenyl-5-(3’-p-chlorophenylisoxazolin-5’-yl)methyl-1,3,4,5-tetrahydro-1,5-
benzodiazepin-2-one	  18	  
Yield:	  22	  %,	  Mp.:	  194-‐196	  °C,	  C26H24N3O2Cl	  
1H	  NMR	  (CDCl3):	  3.42	  (m,	  2H,	  2H,	  2H);	  4.71	  (m,	  1H,	  C5’H);	  4.88	  (m,	  1H,	  C4H);	  7.09-‐7.57	  (m,	  
13Har).	  	  
13C	  NMR	  (CDCl3):	  35.51	  (CH3);	  37.98	  (CH2);	  41.81	  (CH2);	  53.1	  (NCH2);	  71.69	  (C4H);	  78.99	  
(C5’H);	  123.4-‐129.03	  (CHar);	  136.13-‐	  139.87	  (Car);	  155.57	  (C=N);	  171.19	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  446.	  
	  
1-benzyl-4-phenyl-5-(3’-p-chlorophenylisoxazolin-5’-yl)	  methyl-1,3,4,5-tetrahydro-1,5-
benzodiazepin-2-one	  19	  
Yield:	  20	  %,	  Mp.:	  142-‐144	  °C,	  C32H28N3O2Cl	  
1H	  NMR	  (CDCl3):	  3.28	  (m,	  2H,	  2H,	  2H);	  4.46	  (m,	  1H,	  C5’H);	  5.06	  (m,	  1H,	  C4H);	  5.12	  (s,	  2H,	  
NCH2Ph);	  6.95-‐7.52	  (m,	  18Har).	  	  
13C	  NMR	  (CDCl3):	  38.18	  (CH2);	  41.99	  (CH2);	  51.22	  (NCH2);	  53.45	  (NCH2);	  72.18	  (C4H);	  78.36	  
(C5’H);	  108.52	  (Cq);	  123.55-‐128.97	  (CHar);	  136.12-‐139.810	  (Car);	  155.71	  (C=N);	  171.05	  
(C=O).	  	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  522.	  
	  
4.2.10.	   Synthesis	   of	   N-‐ethyl-‐N-‐[O-‐(3’-‐phenylisoxazol-‐5-‐yl	   methylamino)	   phenyl]	  
benzylacetamide	  20	  
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IR	  (KBr):	  νC=O:	  1683	  cm-‐1;	  νNH:	  3185	  cm-‐1.	  	  
	  
4.2.7	   Synthesis	   of	   1-‐methyl(benzyl)-‐5-‐allyl-‐4-‐phenyl-‐1,3,4,5-‐tetrahydro-‐1,5-‐
benzodiazepin-‐2-‐ones	  13	  (14)	  

0.01	  mole	  of	  1-‐methyl(benzyl)-‐1,3,4,5-‐tetrahydro-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐one	  11	  (12)	  
were	  dissolved	  in	  60	  mL	  of	  DMF.	  0.02	  mL	  of	  allyl	  bromide,	  0.02	  mole	  of	  potassium	  carbonate	  
and	  few	  milligrams	  of	  tetrabutylammonium	  bromide	  were	  then	  added.	  The	  mixture	  was	  
stirred	  at	  room	  temperature	  during	  3	  days.	  After	  filtration,	  the	  solvent	  was	  removed	  under	  
reduced	  pressure	  and	  the	  obtained	  residue	  was	  dissolved	  in	  CH2Cl2	  for	  precipitating	  the	  
residual	  salts.	  After	  filtration	  and	  solvent	  evaporation,	  the	  1-‐methyl-‐5-‐allyl-‐4-‐phenyl-‐1,5-‐
benzodiazepin-‐2-‐one	  13	  was	  obtained	  as	  an	  oily	  product	  after	  purification	  by	  silicagel	  column	  
chromatography	  using	  hexane/ethyl	  acetate	  8/2	  as	  eluent.	  The	  1-‐benzyl-‐5-‐allyl-‐4-‐phenyl-‐1,5-‐
benzodiazepin-‐2-‐one	  14	  was	  obtained	  in	  the	  same	  conditions	  as	  a	  brown	  solid.	  
	  
1-Methyl-5-allyl-4-phenyl-1,3,4,5-tetrahydro-1,5-benzodiazepin-2-one	  13	  
Yield:	  73	  %,	  oily	  product,	  C19H20N2O	  
1H	  NMR	  (CDCl3):	  2.78	  (dd,	  J	  =	  4.92	  and	  16.6	  Hz,	  1H);	  2.85	  (dd,	  J	  =	  10	  and	  16.6	  Hz,	  1H);	  3.50	  (s,	  
3H);	  3.67	  (d,	  J	  =	  4.74	  Hz,	  2H,	  NCH2);	  4.95	  (m,	  1H,	  C4H);	  5.05	  (m,	  2H,	  =CH2);	  5.57	  (m,	  1H);	  6.89-‐
7.46	  (m,	  9H).	  	  
13C	  NMR	  (CDCl3):	  35.63	  (CH3);	  42.17	  (CH2);	  53.41	  (NCH2);	  68.93	  (CH);	  117.53	  (=CH2);	  122.94-‐
134.9	  (CHar,	  =CH);	  139.39	  (Car);	  140.45	  (Car);	  141.25	  (Car);	  171.27	  (C=O).	  	  
MS	  data	  (EI):	  m/z:	  292.	  
	  
1-benzyl-5-allyl-4-phenyl-1,3,4,5-tetrahydro-1,5-benzodiazepin-2-one	  14	  
Yield:	  65	  %,	  Mp.:	  124-‐126	  °C,	  C25H24N2O.	  
1H	  NMR	  (CDCl3):	  2.75	  (dd,	  J	  =	  4.9	  and	  16.5	  Hz,	  1H);	  2.89	  (	  dd,	  J	  =	  10	  and	  16.5	  Hz,	  1H);	  3.55	  (d,	  J	  
=	  4.74	  Hz,	  2H,	  NCH2);	  4.90	  (dd,	  J	  =	  2.3	  et	  10.2	  Hz,	  1H);	  5.1	  (dd,	  J	  =	  1.8	  et	  10.2	  Hz,	  1H);	  5.13	  (s,	  
2H,	  NCH2-‐Ph);	  5.4	  (m,	  1H,	  C4H);	  5.58	  (m,	  1H);	  6.88-‐7.19	  (m,	  14H).	  	  
13C	  NMR	  (CDCl3):	  42.09	  (CH2);	  51.24	  (NCH2);	  53.68	  (NCH2);	  68.59	  (CH);	  117.81	  (=CH2);	  
123.25-‐134.91	  (CHar,	  =CH);	  137.5	  (Car);	  137.93	  (Car);	  139.95	  (Car);	  141.85	  (Car);	  171.4	  
(C=O).	  	  
MS	  data	  (EI):	  m/z:	  368.	  
	  
	  

4.2.8.	  Synthesis	  of	  the	  dipolarophiles	  15	  and	  16	  

N-ethyl-N-(o-propargylaminophenyl)benzylacetamide	  15	  
	   0.01	  mole	  of	  compound	  8	  was	  dissolved	  in	  60	  mL	  DMF.	  0.02	  mL	  of	  propargyl	  bromide,	  
0.02	  mole	  of	  potassium	  carbonate	  and	  few	  milligrams	  of	  tetrabutylammonium	  bromide	  were	  
then	  added.	  The	  mixture	  was	  stirred	  at	  room	  temperature	  during	  2	  days.	  	  The	  raw	  obtained	  
mixture	  was	  treated	  as	  indicated	  above	  and	  the	  product	  was	  isolated	  by	  silicagel	  column	  
chromatography	  using	  hexane/ethyl	  acetate	  8/2	  as	  eluent.	  
	  
Yield:	  50	  %,	  Mp.:	  80-‐82	  °C,	  C20H22N2O.	  
1H	  NMR	  (DMSOd6):	  0.99	  (t,	  J	  =7.12	  Hz,	  3H);	  2.2	  (m,	  2H,	  CH2Ph);	  2.73	  (m,	  2H,	  COCH2);	  2.96	  (t,	  J	  
=	  2.25	  Hz,	  ≡CH);	  3.13	  (q,	  J	  =	  7.12	  Hz,	  1H);	  3.91	  (q,	  J	  =	  7.12	  Hz,1H);	  3.91	  (m,	  2H,	  NHCH2);	  5.73	  (t,	  
J	  =	  6.35	  Hz,	  NH);	  6.59-‐7.22	  (m,	  9H).	  
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13C	  NMR	  (DMSOd6):	  12.55	  (CH3);	  30.79	  (CH2Ph);	  31.71	  (COCH2);	  35.27(NCH2);	  41.18	  (NCH2);	  
72.42	  (≡CH);	  82.11	  (-‐C≡);	  111.97-‐129.36	  (CHar);	  126.88	  (Car);	  141.22	  (Car);	  143.6	  (Car);	  
171.04	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  307.	  
	  
N-methylethoxycarbonyl-N-(o-allylaminophenyl)benzylacetamide	  16	  
The	  experimental	  procedure	  used	  here	  was	  as	  described	  above.	  The	  alkylation	  was	  achieved	  
by	  allyl	  bromide	  on	  compound	  9	  during	  3	  days.	  The	  product	  was	  then	  obtained	  as	  a	  yellow	  
powder	  after	  recristallization	  of	  the	  raw	  mixture	  in	  ethanol.	  
	  
Yield:	  70	  %,	  Mp.:	  68-‐	  70	  °C.	  C22H26N2O3.	  
1H	  NMR	  (CDCl3):	  1.26	  (t,	  J	  =	  7.34	  Hz,	  3H);	  2.5	  (t,	  J	  =	  7.1	  Hz,	  2H);	  2.92	  (t,	  J	  =	  7	  Hz,	  2H);	  3.74	  (m,	  
2H);	  3.76	  (d,	  J	  =	  16.8	  Hz,	  1H);	  4.61	  (d,	  J	  =	  16.8	  Hz,	  1H);	  5.15	  (m,	  2H,	  =CH2);	  5.7	  (t,	  J	  =	  6.3	  Hz,	  1H,	  
NH);	  5.92	  (m,	  1H,	  =CH);	  6.57-‐6.65	  (m,	  3Har);	  6.87-‐7.10	  (m,	  6Har).	  	  
13C	  NMR	  (CDCl3):	  14.18	  (CH3);	  31.22	  (CH2);	  34.95	  (CH2);	  45.71	  (NCH2);	  51.55	  (NCH2);	  61.64	  
(OCH2);	  116.05	  (=CH2);	  111.78-‐134.99	  (CHar,	  =CH);	  134.08	  (Car);	  134.99	  (Car);	  141.30	  (Car);	  
144.98	  (Car);	  170.72	  (C=O);	  174.06	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  367.	  
	  
4.2.9.	  Synthesis	  of	  compounds	  18	  and	  19	  

To	  a	  solution	  containing	  0.01	  mole	  of	  1-‐methyl(benzyl)-‐5-‐allyl-‐4-‐phenyl-‐1,5-‐benzodiazepin-‐2-‐
one	  13	  (14)	  and	  0.02	  mole	  of	  p-‐chlorobenzaldehyde	  oxime	  17	  in	  40	  mL	  of	  dichloromethane	  
under	  magnetic	  stirring	  at	  0	  °C,	  20	  mL	  of	  natrium	  hypochlorite	  were	  added	  drop	  wise.	  After	  5	  
(10)	  hours,	  the	  organic	  layer	  was	  washed	  twice	  with	  water	  and	  dried	  over	  magnesium	  
sulphate.	  After	  filtration	  and	  solvent	  removing,	  compound	  18	  (19)	  was	  obtained	  after	  silicagel	  
column	  chromatography	  using	  hexane/ethyl	  acetate	  9.5/0.5	  (9/1)	  as	  eluent.	  
	  
1-methyl-4-phenyl-5-(3’-p-chlorophenylisoxazolin-5’-yl)methyl-1,3,4,5-tetrahydro-1,5-
benzodiazepin-2-one	  18	  
Yield:	  22	  %,	  Mp.:	  194-‐196	  °C,	  C26H24N3O2Cl	  
1H	  NMR	  (CDCl3):	  3.42	  (m,	  2H,	  2H,	  2H);	  4.71	  (m,	  1H,	  C5’H);	  4.88	  (m,	  1H,	  C4H);	  7.09-‐7.57	  (m,	  
13Har).	  	  
13C	  NMR	  (CDCl3):	  35.51	  (CH3);	  37.98	  (CH2);	  41.81	  (CH2);	  53.1	  (NCH2);	  71.69	  (C4H);	  78.99	  
(C5’H);	  123.4-‐129.03	  (CHar);	  136.13-‐	  139.87	  (Car);	  155.57	  (C=N);	  171.19	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  446.	  
	  
1-benzyl-4-phenyl-5-(3’-p-chlorophenylisoxazolin-5’-yl)	  methyl-1,3,4,5-tetrahydro-1,5-
benzodiazepin-2-one	  19	  
Yield:	  20	  %,	  Mp.:	  142-‐144	  °C,	  C32H28N3O2Cl	  
1H	  NMR	  (CDCl3):	  3.28	  (m,	  2H,	  2H,	  2H);	  4.46	  (m,	  1H,	  C5’H);	  5.06	  (m,	  1H,	  C4H);	  5.12	  (s,	  2H,	  
NCH2Ph);	  6.95-‐7.52	  (m,	  18Har).	  	  
13C	  NMR	  (CDCl3):	  38.18	  (CH2);	  41.99	  (CH2);	  51.22	  (NCH2);	  53.45	  (NCH2);	  72.18	  (C4H);	  78.36	  
(C5’H);	  108.52	  (Cq);	  123.55-‐128.97	  (CHar);	  136.12-‐139.810	  (Car);	  155.71	  (C=N);	  171.05	  
(C=O).	  	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  522.	  
	  
4.2.10.	   Synthesis	   of	   N-‐ethyl-‐N-‐[O-‐(3’-‐phenylisoxazol-‐5-‐yl	   methylamino)	   phenyl]	  
benzylacetamide	  20	  
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The	  experimental	  procedure	  was	  similar	  to	  that	  described	  above	  using	  the	  action	  of	  
benzaldehyde	  oxime	  on	  substrate	  15.	  The	  pure	  compound	  was	  obtained	  after	  purification	  on	  
silicagel	  column	  chromatography	  using	  hexane/ethyl	  acetate	  9.5/0.5	  as	  eluent.	  
	  
Yield:	  30	  %,	  Mp.:	  134	  -‐	  136	  °C,	  C27H27N3O2	  
1H	  NMR	  (CDCl3):	  1.13	  (t,	  J	  =	  7.12	  Hz,	  3H);	  2.35	  (m,	  2H,	  CH2Ph);	  2.92	  (t,	  J	  =	  7.12	  Hz,	  2H);	  3.33	  (q,	  
J	  =	  7.12	  Hz,	  1H);	  4.05	  (q,	  J	  =	  7.12	  Hz,	  1H);	  4.45	  (s,	  2H,	  NCH2);	  6.32	  (s,	  1H4);	  6.66-‐7.12	  (m,	  
14Har).	  	  
13C	  NMR	  (CDCl3):	  13.11	  (CH3);	  31.54	  (CH2);	  35.96	  (CH2);	  39.72	  (NCH2);	  42.36	  (NCH2);	  99.92	  
(=C4H);	  111.52-‐130.14	  (CHar);	  108.75	  (C=C);	  127.43	  (Cq);	  141.34-‐142.84	  (Car,	  C5);	  170.66	  
(C=N);	  173.16	  (C=O).	  	  
MS	  data	  (DCI,	  NH3):	  [M+H]+:	  m/z:	  426.	  	  	  	  
	  
4.2.11.	  Synthesis	  of	  N-‐methylethoxycarbonyl-‐N-‐[O-‐(3’-‐p-‐chlorophenyl	  isoxazolin-‐5-‐
ylmethylamino)phenyl]benzylacetamide	  21	  	  

The	  experimental	  procedure	  was	  similar	  to	  that	  described	  above	  using	  the	  action	  of	  p-‐
cholorobenzaldehyde	  oxime	  on	  the	  dipolarophile	  16.	  The	  pure	  compound	  was	  obtained	  after	  
purification	  on	  silicagel	  column	  chromatography	  using	  hexane/ethyl	  acetate	  9/1	  as	  eluent.	  
	  
Yield:	  35	  %,	  oily	  product,	  C29H30N3O4Cl	  
1H	  NMR	  (CDCl3):	  1.24	  (t,	  J	  =	  7.12	  Hz,	  3H);	  2.45	  (t,	  J	  =	  7	  Hz,	  2H);	  2.90	  (t,	  J	  =	  7	  Hz,	  2H);	  3.45	  (m,	  
2H,	  2H);	  3.71	  (d,	  J	  =	  16.8	  Hz,	  1H);	  4.25	  (q,	  J	  =	  7.12	  Hz,	  2H);	  4.63	  (d,	  J	  =	  16.8	  Hz,	  1H);	  4.98	  (m,	  
1H,	  C5H);	  5.88	  (m,	  1H,	  NH);	  6.6-‐7.58	  (m,	  14Har).	  	  
13C	  NMR	  (CDCl3):	  14.18	  (CH3);	  31.16	  (CH2);	  34.88	  (CH2);	  38.26	  (CH2);	  46.61	  (NCH2);	  51.62	  
(NCH2);	  61.75	  (OCH2);	  79.74	  (C5H);	  11.48-‐130.05	  (CHar);	  136.11	  (Car);	  141.2	  (Car);	  144.8	  
(Car);	  155.59	  (C=N);	  171.08	  (C=O);	  174.02	  (C=O).	  
MS	  data	  (EI):	  m/z:	  519.	  
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Abstract. Poly(lactic acid) is a well known polymer for more than 20 years in the biomedical fields 
applications. Today, according to rising prices of oil and massive consumption of fossil resource, 
this biodegradable aliphatic polyester is on the way to be a wide used commodity polymer. 
Moreover PLA is as a “green plastic” because it is synthesized from annually renewable resources. 
In many ways similar to poly(ethylene terephtalate) such as rigidity, transparency, crystallization 
kinetics and food contact ability, it fulfills  the packaging industry requirements for most of the rigid 
objects. But for applications like hot food packages, soft films and stretch blow bottles for example 
some properties of PLA have to be improved like heat deflection temperature (HDT), impact 
stiffness and gas barrier properties. There are many ways reported in literature today to improve 
these properties. In order to compare it with other well known polymers, figure 1 represents 
thermal properties of PLA and these polymers. The aim of the work deals to identify actual 
weaknesses of commercial grades of PLA. Secondly, to present pertinent ways to improve PLA‟s 
properties have been identified according to chosen process and final properties wished. This study 
is composed of three main items. In a first time, a bibliographical study is necessary to identify the 
different ways to improve PLA‟s properties used by researchers and industrials in literature. The 
most significant ways will be describe here. Then PLA compound (PLA with additives or PLA 
copolymers for examples) will be synthesized in conditions closed to industrial conditions studying 
crystallisation kinetic and rheological properties. In this step thermal, physico-chemical and 
mechanical properties of products synthesized will be characterized. At the end of this study the 
best ways of improving PLA‟s behavior will be presented and described [1].     

Key words: biopolymers, biodegradable, compounding, rheology, PLA, crystallization, 
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1.1.2. Semi-crystalline PLA – stereocomplexed PLA 

Lactic acid exists in two optical enantiomers: L-lactic and D-lactic. Ring opening polymerization is today the 
common industrial way to produce poly(lactic acid) with high molecular weight. L-lactide and D-lactide are 
dimers of two L-lactic (or D-lactic) acid. Mesolactic is a dimer of one L-lactic and one D-lactic. PLLA: 
poly(L-lactic acid) and PDLA: poly(D-lactic acid) are the polymers associated with these two morphologies. 
Fermentation process of corn tends to favor production of L-lactic [1,4,6]. So commercially available 
poly(lactic acid) is a mixture of L-lactic and D-lactic with a major contents of L enantiomers [28-32]. It is 
reported that an amorphous commercial grade of PLA have a ratio L:D of 80:20 to 98:2 (molar ratio) and a 
semi-crystalline commercial grade a L:D ratio of 98.4:1.6 to 98:2. When PLLA and PDLA are blended they 
form a stereocomplex that can act as a nucleation site for PLLA when cooled at a temperature below Tm of 
PLLA. As a conclusion the stereochemistry of PLA is complex because of its chiral nature. Control of the 
ratio of L to D monomer content is an important molecular feature for PLA.       

1.1.3. Nucleants and plasticizers  

A large amount of nucleants for PLA was reported by researchers. First of them, talc, is a well known filler 
widely used with polymers. Literature reports [1-3] that talc is also a good nucleating agent for PLA. With 
addition of talc it is possible to reach the 40% of crystalline phase in PLA. But this result was obtained in 
specific conditions with a slow cooling rate not suitable for industrial production (cooling rate are greater 
than 10°C/min in injection moulding for example). For high cooling rate, plasticizer combine with talc 
increased the crystalline kinetics of moulded PLA but mould temperature has to be in the 70-100°C range. 
The plasticizer showing the best results in literature was poly(ethylene-glycol) PEG added at about 10% wt. 
It was also described that plasticizers of low molecular weights are better than high molecular weights PEG, 
because they are more able to migrate from the intraspherulitic amorphous layer to the front of growing 
spherulite helping them to grow easily. But for application such as food packaging, ability of polymer 
migration is not suitable. As a result of blending PLA with PEG, glass transition was lowered. The solubility 
limit of PEG in PLA occurs when melt glass transition temperature stopped to decrease. In the case of 
amorphous PLA, it is reported that transition from brittle to ductile occurs when Tg is shifted to 35°C. So the 
use of plasticizers will increase elongation at break, and lowering tensile modulus and brittleness of blend 
[13,20]. As a conclusion the use of plasticizers in PLA can modify properties of both amorphous and semi-
crystalline PLA. Other efficient plasticizers for PLA reported in literature are citrate esters or triacetine. 
Other nucleating agents suitable for PLA according to literature are aliphatic amide compound. For example 
ethylenebis (12-hydroxysterylamide) called EBHSA [1]. Results show a greater nucleation density with 
smaller spherulites than neat PLA. One other organic compound family was found as PLA‟s nucleating agent 
in literature: hydrazide compound. An interesting study has compared efficiency of PLA mixed with 
hydrazide compound (1% wt.) or aliphatic amide compound and talc (1% + 1% wt) in injection moulding 
conditions. The properties of injected compound were quite impressing. HDT (Heat Deflection Temperature) 
and impact resistance were increased more than twice of neat PLA. But on the processability point of view 
injection time cycle was not industrially viable for aliphatic amide compound and talc (injection cycle was 
about 7 min). For hydrazide compound injection cycle was reduced to less than 3 min. As reference 
polypropylene injection cycle is about 1.5 min. EBHSA and talc are readily available products but hydrazide 
compounds have been synthesized at laboratory scale [21-25]. 

1.1.4. Processing parameters  

Literature is quite poor about the influence of processes parameters on PLA crystallization [21]. DSC 
analysis can be useful to predict PLA behaviour when processing. The literature showed that annealing 
material above its glass transition temperature (80°C) increased polymer chain relaxation (for both 
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1. State of the art  

 

Lactic acid, the basic block to synthesize PLA, was isolated for the first time in 1780 by a Swedish chemist 
Scheele and first commercially available in 1881. Lactic acid is used in many processed foods as a bacterial 
inhibitor or acidic flavoring agent for example. The common way to produce industrial lactic acid is by 
bacterial fermentation of agricultural raw materials such as corn or potato starch, cane or beet sugar but also 
waste materials from agricultural production. Then PLA can be polymerized by different ways: 
polymerization of lactic acid by polycondensation or by dimerization of lactic acid to obtain lactide and then 
ring opening polymerization to obtain polylactide [2-5]. This method is able to produce high molecular 
weights PLA at an industrial scale.  

The farthest developments of using PLA in packaging industry are for food, fruits, vegetables and snacks, as 
well as catering products for cold beverages and meals. Industrial and commercial grades of PLA are 
available on the market [13-17]. Today Cargill Dow‟s NatureworksTM is the leader of PLA production with a 
capacity of production (in 2007) of 140 000 tons/year. NatureworksTM PLA have a good clarity and glossy, 
heat-sealing ability, oil and fat stability, better torsion strength than cellophane (+25%), taste and flavour 
barrier, good ability to be printed on, enough stiffness to produce hard package and blow moulding products, 
crease resistance, workability on conventional equipments and of course it is environmentally friendly (lower 
fossil raw materials and energy consumption, smaller emissions of greenhouse gases, renewable raw 
materials and compostable). So this commercial PLA according to its properties can be used in a wide range 
of applications. But PLA have weakness. A low heat deflection temperature (about 50°C) restrains PLA to 
low temperatures applications. PLA has also insufficient gases barrier properties regard to PET and have a 
weak impact resistance. These three major weaknesses of PLA have to be improved in order to use PLA in a 
wide range of packaging applications: microwavable pack, bottles and films with barrier properties [13-15]. 

There are many ways describe in the literature to improve these properties of PLA. First of them is to 
improve crystallisation kinetic and crystalline properties of PLA. This can be done by using, for example, 
nucleating agents or plasticizers. Crystallinity is also a way to improve mechanical properties of PLA under 
temperature. Impact resistance should be improved using plasticizers. Nanostructured PLA and multiphasis 
polymers based on PLA are also reported in literature for increasing PLA‟s mechanical properties and 
helping biodegradability [16-25].  

1.1. Modification of crystalline property of PLA  

1.1.1. Introduction 

It is reported in literature that the maximum PLA crystalline content is about 35% to 45% but crystallization 
kinetic of neat PLA is very slow and thus processability of crystalline PLA would be difficult for process 
like extrusion or injection [3-6]. This is one of the main reasons to improve crystallinity and crystallization 
kinetics of PLA. The other one is to improve behaviour of PLA under temperature because above its glass 
transition temperature (about 60°C) only the crystalline PLA phase can confer useful mechanical properties. 
There are three major ways to improve crystalline properties of PLA: the use of nucleants to lower the free 
surface energy and initiate crystallization, the use of plasticizers to increase chain polymer mobility and so 
helping crystallization and playing with process parameters and moulding conditions to reach the best level 
of Crystallinity [6-8].  
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1.1.2. Semi-crystalline PLA – stereocomplexed PLA 

Lactic acid exists in two optical enantiomers: L-lactic and D-lactic. Ring opening polymerization is today the 
common industrial way to produce poly(lactic acid) with high molecular weight. L-lactide and D-lactide are 
dimers of two L-lactic (or D-lactic) acid. Mesolactic is a dimer of one L-lactic and one D-lactic. PLLA: 
poly(L-lactic acid) and PDLA: poly(D-lactic acid) are the polymers associated with these two morphologies. 
Fermentation process of corn tends to favor production of L-lactic [1,4,6]. So commercially available 
poly(lactic acid) is a mixture of L-lactic and D-lactic with a major contents of L enantiomers [28-32]. It is 
reported that an amorphous commercial grade of PLA have a ratio L:D of 80:20 to 98:2 (molar ratio) and a 
semi-crystalline commercial grade a L:D ratio of 98.4:1.6 to 98:2. When PLLA and PDLA are blended they 
form a stereocomplex that can act as a nucleation site for PLLA when cooled at a temperature below Tm of 
PLLA. As a conclusion the stereochemistry of PLA is complex because of its chiral nature. Control of the 
ratio of L to D monomer content is an important molecular feature for PLA.       

1.1.3. Nucleants and plasticizers  

A large amount of nucleants for PLA was reported by researchers. First of them, talc, is a well known filler 
widely used with polymers. Literature reports [1-3] that talc is also a good nucleating agent for PLA. With 
addition of talc it is possible to reach the 40% of crystalline phase in PLA. But this result was obtained in 
specific conditions with a slow cooling rate not suitable for industrial production (cooling rate are greater 
than 10°C/min in injection moulding for example). For high cooling rate, plasticizer combine with talc 
increased the crystalline kinetics of moulded PLA but mould temperature has to be in the 70-100°C range. 
The plasticizer showing the best results in literature was poly(ethylene-glycol) PEG added at about 10% wt. 
It was also described that plasticizers of low molecular weights are better than high molecular weights PEG, 
because they are more able to migrate from the intraspherulitic amorphous layer to the front of growing 
spherulite helping them to grow easily. But for application such as food packaging, ability of polymer 
migration is not suitable. As a result of blending PLA with PEG, glass transition was lowered. The solubility 
limit of PEG in PLA occurs when melt glass transition temperature stopped to decrease. In the case of 
amorphous PLA, it is reported that transition from brittle to ductile occurs when Tg is shifted to 35°C. So the 
use of plasticizers will increase elongation at break, and lowering tensile modulus and brittleness of blend 
[13,20]. As a conclusion the use of plasticizers in PLA can modify properties of both amorphous and semi-
crystalline PLA. Other efficient plasticizers for PLA reported in literature are citrate esters or triacetine. 
Other nucleating agents suitable for PLA according to literature are aliphatic amide compound. For example 
ethylenebis (12-hydroxysterylamide) called EBHSA [1]. Results show a greater nucleation density with 
smaller spherulites than neat PLA. One other organic compound family was found as PLA‟s nucleating agent 
in literature: hydrazide compound. An interesting study has compared efficiency of PLA mixed with 
hydrazide compound (1% wt.) or aliphatic amide compound and talc (1% + 1% wt) in injection moulding 
conditions. The properties of injected compound were quite impressing. HDT (Heat Deflection Temperature) 
and impact resistance were increased more than twice of neat PLA. But on the processability point of view 
injection time cycle was not industrially viable for aliphatic amide compound and talc (injection cycle was 
about 7 min). For hydrazide compound injection cycle was reduced to less than 3 min. As reference 
polypropylene injection cycle is about 1.5 min. EBHSA and talc are readily available products but hydrazide 
compounds have been synthesized at laboratory scale [21-25]. 

1.1.4. Processing parameters  

Literature is quite poor about the influence of processes parameters on PLA crystallization [21]. DSC 
analysis can be useful to predict PLA behaviour when processing. The literature showed that annealing 
material above its glass transition temperature (80°C) increased polymer chain relaxation (for both 
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PLA more than 5 times than with neat PLA . Other suppliers like DupontTM, Arkema and BASF developed 
their own impact modifiers for PLA. 

b) Other nanostructurants useful for PLA found in literature are nanoclays. Montmorillonite (MMT) is the 
most related clay in literature for improving properties of PLA. These particles are plate-shaped with an 
average thickness of approximately 1 nm. Length varies from several tens to several hundred of nanometres. 
Surface of platelets is generally modified with surfactants to provide miscibility with the polymer and 
allowing complete dispersion. Moreover MMT is economical, naturally abundant and environmentally 
friendly. Clay contents in PLA matrix related in literature are up to 10% wt. The most important issue to 
withdraw is a good dispersion of clay in the polymer matrix. The hydrophilic nature of PLA confers it more 
ability to be compatible with hydrophilic surfactants on clay. The use of compatibilizers like elastomeric 
ethylene copolymers has been reported to enhance the degree of exfoliation of the organoclay. As properties 
improvement, it was reported that MMT improve the heat deflection temperature (HDT) of material (76°C 
for neat PLA and 110°C for PLA with 7% wt of MMT under à 0.98 MPa load), gas barrier properties (clay 
creates a „labyrinth‟ that retard the progress of gas molecules through the matrix resin) and help 
biodegrading of material. There was also reported that clay can acts also as nucleant for PLA [11-12]. 
Southern Clay Products produces commercial grades of MMT with different surface treatments. Cloisite® 
and Nanofil® are these products name. Cloisite® 30B was reported to be the more suitable clay for PLA 
according to its hydrophilic surface. 

c) Core-Shell and Nanoclays  

Tonggnian et al. [20] also reports the synthesis of PLA composites using MMT nanoclays and core-shell 
rubbers. It was reported that the use of core-shell rubbers enhanced the degree of exfoliation of MMT. 

 

1.2.2. Chain extension or crosslinking of PLA  

Another way to improve mechanical properties of PLA reported in literature is chain extension [4,7]. Chain 
extension increases molecular weights of polymer, strength of melt (acting like a crosslinker) and also can be 
use a reactive compatibilizer in blends [26-27]. Moreover a study show that branched PLA are more able to 
cold crystallize. When compounding polyesters molecular weights are subjected to degradation. It is reported 
that this degradation could be fast when processing at high temperature or shear rate. That can cause a loss of 
physical and mechanical properties of polymer. First related chain extension experiments of PLA were done 
with isocyanate compound. This molecule is known to be toxic and highly volatile so there are few interests 
for using it within the framework of this study. With such a technique, researchers increased PLA‟s modulus, 
elongation at break and glass transition temperature.   

Another chain extenders related in literature is DGEBA-based epoxy resins (Zhou et al. [7]). In this study, a 
modified PLA (dicarboxylated obtained with succinic anhydride) was blended with DGEBA with the help of 
a catalyst tetrabutylammonium bromide (TBAB).  Chain extension was performed in a rotavapor rotating at 
150 rpm under a 100 Pa pressure and at 150°C. Best results were obtained for a mol ratio of dicarboxylated 
PLLA and DGEBA of 1:1 (85% PLLA, 14% DGEBA and 1% TBAB). Results presents a molecular weight 
improve from 10,000 to about 87,000 g/mol without gel content. In this study chain extension was mainly 
linear. Evidence of reaction was done using FTIR analysis.  

BASF Joncryl® is a commercially available chain extender for PET and PLA that uses non linear chain 
extension. This product is an epoxy-functional styrene–acrylic based or styrene-free acrylic based reactive 
polymers. According to the supplier, it is composed of low and high epoxy functionalities that allow 
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amorphous and semi-crystalline PLA) and crystallinity (in the case of a semi-crystalline PLA). One can 
remarks that annealing material within an industrial framework of producing PLA may be sometimes 
difficult to realize. Sakai et al. in their study processed PLA (with nucleating agents) with a mould 
temperature of 110°C to enhance crystallization. The process parameters and their influence when 
transforming PLA will be studied during the experimental part of this report.  

Effect of Annealing and Orientation on Microstructures and Mechanical Properties of Polylactic Acid 

Previous studies have shown that there are two kinds of crystal structure in PLA, depending on the formation 
conditions: an α form (pseudo-orthorhombic, pseudohexagonal, or orthorhombic) and a β form 
(orthorhombic or trigonal). Hoogsteen et al. [28] investigated the effect of solution spinning on the 
microstructure of PLA, and found that the b/a ratio increased with increasing draw ratio. Similar results were 
also reported by Sawal et al. [30]. Kokturk et al. [31] studied the development of crystal structure and 
orientation during uniaxial stretching of linear and branched PLA films using an Instron tensile tester with a 
temperature controlled environmental chamber in the temperature range of 65–85°C. It was found that 
stretching the materials above their Tg produced rapid orientation in the amorphous state, and beyond a 
critical level, very sharp and highly oriented b-crystalline formed chains with 3/1 helices. When stretching at 
or below Tg, the films were found to revert to a highly oriented amorphous state through the destruction of 
the crystalline domains.  

1.2. Other ways of modification of PLA  

In this second part of this bibliographical study, an overview of other ways of modifying PLA will be given. 
One of the promising ways of these modifications is nanostructuration of PLA. Nanoclays and core-shell 
rubbers are the most related nanostructurants for PLA in literature. Chain extension mechanism has also been 
identified to modify PLA. With chain extenders average molecular weights of polymers should be increased 
and thus should increase physical and mechanical behaviour of the material. Last way of PLA‟s modification 
that will be discussed in this part is PLA blending with other biopolymers or polymers. A lot of blends could 
be considered, but just a few examples will be described in this study.  

 

1.2.1. Composites based on PLA.  

One promising way for improving that behaviour of PLA is its nanostructuration [11-12]. Nanoclay and 
Core-Shell rubbers, according to literature, are the most promising materials for that nanostucturation [5,20].  

a) Core-Shell rubbers generally consist of a crosslinked elastomeric core of controlled composition and size 
produced by the emulsion polymerization process with a thermoplastic shell encapsulating core (range of 
size 50-500 nm). Surface of core-shell can also be grafted (or not) in order to enhance compatibility with 
material.  These core-shell are generally use as an impact modifier (for plastics) improving impact 
resistance of PLA. Parameters that influence efficiency of these core-shells are: size of particles and the 
quality of their dispersion in the polymer matrix, rubber glass transition temperature and the adhesion to the 
polymer matrix. This adhesion and property improvements depend on the surface chemistry of shells. 
Literature reports additions of about 5% to 10% wt of core-shells in PLA matrix. Efficient core-shells for 
PLA related in literature have a pulybutylacrylate core with a polymethylmethacrylate shell. Recently Rohm 
& Haas presented its first commercially available acrylic based Core-Shell for impact modification of PLA 
known under ParaloidTM BPM 500. Rohm & Haas presented quite impressive results in terms of 
improvement of impact resistance. Moreover this additive keeps the transparency properties of PLA. Rohm 
& Haas claimed that addition of 7.5% wt of ParaloidTM BPM 500 improve dart drop impact resistance of 
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PLA more than 5 times than with neat PLA . Other suppliers like DupontTM, Arkema and BASF developed 
their own impact modifiers for PLA. 

b) Other nanostructurants useful for PLA found in literature are nanoclays. Montmorillonite (MMT) is the 
most related clay in literature for improving properties of PLA. These particles are plate-shaped with an 
average thickness of approximately 1 nm. Length varies from several tens to several hundred of nanometres. 
Surface of platelets is generally modified with surfactants to provide miscibility with the polymer and 
allowing complete dispersion. Moreover MMT is economical, naturally abundant and environmentally 
friendly. Clay contents in PLA matrix related in literature are up to 10% wt. The most important issue to 
withdraw is a good dispersion of clay in the polymer matrix. The hydrophilic nature of PLA confers it more 
ability to be compatible with hydrophilic surfactants on clay. The use of compatibilizers like elastomeric 
ethylene copolymers has been reported to enhance the degree of exfoliation of the organoclay. As properties 
improvement, it was reported that MMT improve the heat deflection temperature (HDT) of material (76°C 
for neat PLA and 110°C for PLA with 7% wt of MMT under à 0.98 MPa load), gas barrier properties (clay 
creates a „labyrinth‟ that retard the progress of gas molecules through the matrix resin) and help 
biodegrading of material. There was also reported that clay can acts also as nucleant for PLA [11-12]. 
Southern Clay Products produces commercial grades of MMT with different surface treatments. Cloisite® 
and Nanofil® are these products name. Cloisite® 30B was reported to be the more suitable clay for PLA 
according to its hydrophilic surface. 

c) Core-Shell and Nanoclays  

Tonggnian et al. [20] also reports the synthesis of PLA composites using MMT nanoclays and core-shell 
rubbers. It was reported that the use of core-shell rubbers enhanced the degree of exfoliation of MMT. 

 

1.2.2. Chain extension or crosslinking of PLA  

Another way to improve mechanical properties of PLA reported in literature is chain extension [4,7]. Chain 
extension increases molecular weights of polymer, strength of melt (acting like a crosslinker) and also can be 
use a reactive compatibilizer in blends [26-27]. Moreover a study show that branched PLA are more able to 
cold crystallize. When compounding polyesters molecular weights are subjected to degradation. It is reported 
that this degradation could be fast when processing at high temperature or shear rate. That can cause a loss of 
physical and mechanical properties of polymer. First related chain extension experiments of PLA were done 
with isocyanate compound. This molecule is known to be toxic and highly volatile so there are few interests 
for using it within the framework of this study. With such a technique, researchers increased PLA‟s modulus, 
elongation at break and glass transition temperature.   

Another chain extenders related in literature is DGEBA-based epoxy resins (Zhou et al. [7]). In this study, a 
modified PLA (dicarboxylated obtained with succinic anhydride) was blended with DGEBA with the help of 
a catalyst tetrabutylammonium bromide (TBAB).  Chain extension was performed in a rotavapor rotating at 
150 rpm under a 100 Pa pressure and at 150°C. Best results were obtained for a mol ratio of dicarboxylated 
PLLA and DGEBA of 1:1 (85% PLLA, 14% DGEBA and 1% TBAB). Results presents a molecular weight 
improve from 10,000 to about 87,000 g/mol without gel content. In this study chain extension was mainly 
linear. Evidence of reaction was done using FTIR analysis.  

BASF Joncryl® is a commercially available chain extender for PET and PLA that uses non linear chain 
extension. This product is an epoxy-functional styrene–acrylic based or styrene-free acrylic based reactive 
polymers. According to the supplier, it is composed of low and high epoxy functionalities that allow 
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1000% for PLA-PEO copolymers). Solvent way is not compatible with industrial process for packaging 
industry but crosslinking of PLA, as described in part 1-2-2, is possible in reactive extrusion.  

1.2.3.3. Other blend based on PLA 

The second most important natural polymer in the world is chitin. Main sources are marine crustaceans like 
crabs or shrimps. Chitosan is a derivative of chitin when its rate of deacetylation reaches 50%. Chitosan is a 
semicrystalline polymer. Hydrophilic nature of chitosan may affect its stability. Most applications of 
chitosan are found in medical area according to its biocompatibility. Moreover chitosan possess barrier, anti-
microbial and fungicidal properties. So in the field of packaging application, blending chitosan with PLA 
may be a promising way for bioactive film production. Nevertheless most related synthesis of PLA-chitosan 
blend is made by film casting. This way of synthesis is not conceivable for an industrial scale process. When 
blended together, PLA did not react with chitosan. One study of Correlo et al. [5] related blending of PLA 
with chitosan by melt processing. Authors synthesized a 50:50 PLA chitosan blend in a twin screw 
corotating extruder (TSE). Unfortunately, little information is given about chitosan used and its preparation 
before blending with PLA. Thermal profile and rotating speed in TSE are given. Results showed that 
chitosan acts as a nucleating agent for PLA initiating cold crystallisation at 90°C (100-110°C for neat PLA). 
Tensile strength and elongation at break decreased compare to neat PLA. But these are not searched 
properties for such blend. Most important are barrier and fungicidal that seems to be carried with chitosan. 
Related article did not analyse barrier properties of synthesized material. Finally the literature reported that 
the use of MDI as compatibilizer enhance interfacial adhesion between PLA and chitosan and PLA 
crystallinity without leaving free isocyanates according to MDI reaction with water.  To conclude, according 
to the amount of commercial polymers available on the market, one can imagine that a large amount of blend 
based on PLA that should be synthesized in the next few years. Actual impressive growth of biopolymer 
market leads researcher and industrial to develop more and more new products 

In this bibliographical study, most promising way of enhancing PLA properties have been reviewed. Better 
crystallinity level can be achieved by the use of nucleating agents and plasticizers in association with suitable 
processing parameters. Mechanical properties could also been improved by the help of chain extension. 
Impact resistance to produce films and bottles will be enhanced according to additions of core shell rubbers. 
Temperature resistance and biodegradability can be carried with the use of clays to synthesize PLA 
composites. Blending PLA with other biomaterials are ways to be followed to produce tunable and economic 
biomaterials. Finally Chitosan is an interesting material to obtain, associated with PLA, good barrier 
properties for film applications.  

 

2. Main results and discussions  
The aim of the work was firstly to identify actual weaknesses of commercial grades of PLA. Secondly, 
pertinent ways to improve PLA‟s properties have been identified according to chosen process and final 
properties wished. The present study was composed of four main steps: 

- Academic bibliography of actual properties of PLA, its industrial synthesis and different ways of improvement of its 
physical, chemical and thermomecanical properties. According to this first step, PLA formulations to be 
synthesized and tested were determined. Raw materials and additives were also ordered. 

- Four commercial grades of PLA from suppliers were characterized in order to compare their thermal, rheological, 
mechanical and physical properties. This study shows that commercial grades of PLA by their physical properties.  

- Elaboration of PLA formulations was done at plastic manufacturing facilities of our laboratory using a corotating 
twin screw extruder. Blends were pelletized and then characterized using capillary rheometry , differential 
scanning calorimetry (DSC), thermomechanical analysis, … 
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molecular weight modifications in a much larger processing window. There are two advantages with BASF 
Joncryl®: it can be purchased as a solid (useful for reactive extrusion) and it has the food contact agreement 
[1]. Results showed by supplier are quiet impressive improving molecular weight form 125,000 to 425,000 
g/mol within the addition of 1.7% of this commercial product (process parameter : reaction time 6 min at 
220°C with grade 6300 of PLA from NatureworksTM). Moreover this chain extension mechanism is 
patented by Natureworks® LLC. To perform chain extension of PLA, molecules containing epoxy functions 
seems to be the most promising way.  

 

1.2.3. Multiphase materials and copolymers based on PLA 

Other way of improving properties of PLA is to blend it with others molecules. Literature is very rich about 
blending PLA with other polymers or biopolymers. Most related studies are about blends of PLA with 
thermoplastic starch and/or poly(-caprolactone). Some studies also report synthesis of PLA based 
copolymers. At last the great amount of polymers and materials existing today in the market can led to think 
and search about new polymers and blends based on PLA.     

1.2.3.1. PLA compounds with thermoplastic starch. 

Thermoplastic starch (TPS) is a low cost biopolymer product from annually resources. Drawbacks of this 
polymer are its poor mechanical properties and high sensitivity to moisture. Starch is composed of two 
polysaccharides: amylose and amylopectin. Amylose is generally the minor component in starch. Amount of 
amylose and amylopectin in starch depend on starch source. Amylose is a linear macromolecule and 
amylopectin is a branched macromolecule. In order to be processable, starch has to be plasticized and 
gelatinized (that is to say making disappeared crystalline structure of starch at 70-90°C in presence of water 
or glycerol acting as plasticizer). Blending PLA and TPS without compatibilizer or initial treatment leads to 
a material with very poor properties. Grafted PLA with maleic anhydride in a single screw extruder can be 
prepared (Sarazin et al. [4]. Then PLA modified was blended with TPS in another single screw extruder. For 
glycerol content in TPS of 36% at least, TPS-PLA blends showed improved ductility and elongation at break 
between 100 and 200%. Researchers explain this enhancement by a better homogeneity of the blend with 
grafted PLA than blend with neat PLA. In another study dioctyl maleate was found to be efficient 
compatibilizer and plasticizer for PLA + TPS blend but results are less impressive.  

In another study Sarazin et al. blended PLA or PLA+PCL with TPS without any treatment. Results show 
enhancement of properties of PLA especially elongation at break and impact resistance. But improvement of 
elongation at break is not as important as in the previous described study. Nevertheless it appears that the 
presence of PCL at about 10% wt. improve impact resistance (and ductility) compared to neat PLA by three. 
This study confirms the need of a TPS with at least 36% of glycerol.  

 

1.2.3.2. Copolymers based on PLA 

PLA-based copolymers found in literature are principally intended to the field of medical applications. But 
these experiments may have some interest within the frame of this study to find new ways of development 
for PLA. Cohn et al.  report synthesis of PLA-PCL or PEO-PLA block copolymers in a two step process. 
First step is the synthesis of PLA-PEO-PLA or PLA-PCL-PLA triblocks copolymers by a solvent way. 
Second step consists of crosslinking these blocks with the help of hexamethylene diisocyanate (HDI). 
Results show impressive elongation at break for synthesized materials (600% for PLA-PCL copolymer and 
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1000% for PLA-PEO copolymers). Solvent way is not compatible with industrial process for packaging 
industry but crosslinking of PLA, as described in part 1-2-2, is possible in reactive extrusion.  

1.2.3.3. Other blend based on PLA 

The second most important natural polymer in the world is chitin. Main sources are marine crustaceans like 
crabs or shrimps. Chitosan is a derivative of chitin when its rate of deacetylation reaches 50%. Chitosan is a 
semicrystalline polymer. Hydrophilic nature of chitosan may affect its stability. Most applications of 
chitosan are found in medical area according to its biocompatibility. Moreover chitosan possess barrier, anti-
microbial and fungicidal properties. So in the field of packaging application, blending chitosan with PLA 
may be a promising way for bioactive film production. Nevertheless most related synthesis of PLA-chitosan 
blend is made by film casting. This way of synthesis is not conceivable for an industrial scale process. When 
blended together, PLA did not react with chitosan. One study of Correlo et al. [5] related blending of PLA 
with chitosan by melt processing. Authors synthesized a 50:50 PLA chitosan blend in a twin screw 
corotating extruder (TSE). Unfortunately, little information is given about chitosan used and its preparation 
before blending with PLA. Thermal profile and rotating speed in TSE are given. Results showed that 
chitosan acts as a nucleating agent for PLA initiating cold crystallisation at 90°C (100-110°C for neat PLA). 
Tensile strength and elongation at break decreased compare to neat PLA. But these are not searched 
properties for such blend. Most important are barrier and fungicidal that seems to be carried with chitosan. 
Related article did not analyse barrier properties of synthesized material. Finally the literature reported that 
the use of MDI as compatibilizer enhance interfacial adhesion between PLA and chitosan and PLA 
crystallinity without leaving free isocyanates according to MDI reaction with water.  To conclude, according 
to the amount of commercial polymers available on the market, one can imagine that a large amount of blend 
based on PLA that should be synthesized in the next few years. Actual impressive growth of biopolymer 
market leads researcher and industrial to develop more and more new products 

In this bibliographical study, most promising way of enhancing PLA properties have been reviewed. Better 
crystallinity level can be achieved by the use of nucleating agents and plasticizers in association with suitable 
processing parameters. Mechanical properties could also been improved by the help of chain extension. 
Impact resistance to produce films and bottles will be enhanced according to additions of core shell rubbers. 
Temperature resistance and biodegradability can be carried with the use of clays to synthesize PLA 
composites. Blending PLA with other biomaterials are ways to be followed to produce tunable and economic 
biomaterials. Finally Chitosan is an interesting material to obtain, associated with PLA, good barrier 
properties for film applications.  

 

2. Main results and discussions  
The aim of the work was firstly to identify actual weaknesses of commercial grades of PLA. Secondly, 
pertinent ways to improve PLA‟s properties have been identified according to chosen process and final 
properties wished. The present study was composed of four main steps: 

- Academic bibliography of actual properties of PLA, its industrial synthesis and different ways of improvement of its 
physical, chemical and thermomecanical properties. According to this first step, PLA formulations to be 
synthesized and tested were determined. Raw materials and additives were also ordered. 

- Four commercial grades of PLA from suppliers were characterized in order to compare their thermal, rheological, 
mechanical and physical properties. This study shows that commercial grades of PLA by their physical properties.  

- Elaboration of PLA formulations was done at plastic manufacturing facilities of our laboratory using a corotating 
twin screw extruder. Blends were pelletized and then characterized using capillary rheometry , differential 
scanning calorimetry (DSC), thermomechanical analysis, … 
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Mitsui Toatsu Chemicals LACEA H100 J unstretched Japan film, blow, injection molding 

Mitsui Toatsu Chemicals LACEA H100 J stretched Japan film, blow, injection molding 

Mitsui Toatsu Chemicals S100 Japan  

Mitsui Toatsu Chemicals T100 Japan  

Jongboom Biopearles M106  injection molding 

Jamplast Jamplast JPPLA  extrusion, thermoforming 

Hycail HM 1011 EU 
extrusion, thermoforming, film 
extrusion and injection molding 

Hycail 
XP13003, XP13004, XP13005, 
XP12001 EU 

blow molding, injection molding and 
paper coating 

Metabolix P1001 USA  

Metabolix P1002 USA injection molding 

Metabolix P2001 USA extrusion coating 

 
Table 1: Identification of PLA grades available on te market 

Following the previous identification, 4 grades of PLA were selected (see table 4) to be tested and 
characterized.  

 Injection moldding Extrusion 

Natureplast PLI005 PLE005 

Cargill Dow, Natureworks® 3051D 2002D 

Table 2: Selected PLA grades for characterization 
 

Then, these four commercial grades were characterized in order to evaluate and classify them. Physico-
chemical, thermal, mechanical and rheological properties have been investigated using the following 
analytical/testing methods: 

- Size Exclusion Chromatography (SEC) to provide information in terms of molecular weight and 
polydispersity of selected PLA grades. 

- Differential Scanning Calorimetry (DSC) with the aim to determine the thermal behaviour of selected 
PLA grades. 

- Melt Rheometry to investigate viscoelastic properties of different studied PLA(s) (viscosity, relaxation, 
elasticity…) 

- Tensile test on PLA film to determine some mechanical properties. 
- Dynamic thermomechanical analysis (DMA) to emphasis impact of thermomechanical past on 

material properties. 

Classification, evaluation and selection of additives available on the market to improve PLA 
performance.  
A preliminary work aiming at identifying weaknesses of commercial grades of PLA was necessary before 
the identification of additives available on the market to improve PLA performances. This work was 
composed of: 
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- Thin films were also prepared in order to characterize mechanical and thermomechanical properties of synthesized 
materials.  

All formulations were done on the basis of Natureworks® LLC PLA grade 2002D (extrusion grade).  

The main objectives are: 

- Improvement of crystalline properties and crystallization kinetic was performed using nucleating agents (Talc) and 
plasticizer poly(ethylene glycol) PEG. 

- Improvement of elongation at break and impact resistance of PLA was done using commercial Core-Shell rubbers 
grades (supplied by Rohm & Haas). Studied grades were ParaloïdTM BPM500 (sold for PLA that keep its 
transparency) and ParaloïdTM EXL2330 related in academic literature.  

- Chain extension of PLA was performed using commercial additive supplied by BASF. This additive is patented by 
Naturworks® LLC and its name is Joncryl®. Joncryl® additives are multifunctional polymers containing epoxy 
functions). The effect of two grades of Joncryl® on PLA will be characterized: Joncryl® ADR 4300S (mid epoxy 
functionality) and Joncryl® ADR 4368CS (high epoxy functionality that certified FDA). 

- Nanostructuration of PL by elaboration of nano or microcomposites using Montmorillonite nanoclays. The 
addition of chitosan (derived from chitin 2nd most abundant natural polymer worldwide) has also been explored as 
the 2nd composite way. Nanoclays, grade Nanofil® 5, was purchased from Southern Clay Products (Germany) and 
Chitosan of medium molecular weight was purchased from Aldrich. 

 

2.1. Material and Methods 

Classification, evaluation and selection of PLA grades available on the market. 
The identification of PLA grades available on the market has been carried out specifying following aspects: 

- The place of production: US, Europe, Asia. 
- Suitable processing technologies: extrusion, injection molding,  thermoforming, etc. 

Following to this identification, four PLA grades have been chosen to be tested. These PLA grades fulfil 
following conditions: 

- From two different suppliers: one from US and the other one from Europe 
- For each supplier, one grade for each of the two main processing technologies (extrusion, Injection 

molding and)  

Classification, evaluation and selection of PLA grades available on the market.  
Results of the identification of PLA grades available on the market are displayed below: 

Supplier Grades 
Place of 

production 
Suitable processing technologies 

Natureworks 3001D USA injection molding 

Natureworks 2002D USA extrusion, thermoforming 

Natureworks 3051D USA injection molding 

Natureworks 4032D USA extrusion, extrusion film 

Natureworks 4042D USA extrusion, extrusion film 

Natureworks 4060D USA co extrusion 

Natureworks 7000D USA blow molding 

Natureworks 7032D USA blow molding 
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Mitsui Toatsu Chemicals LACEA H100 J unstretched Japan film, blow, injection molding 

Mitsui Toatsu Chemicals LACEA H100 J stretched Japan film, blow, injection molding 

Mitsui Toatsu Chemicals S100 Japan  

Mitsui Toatsu Chemicals T100 Japan  

Jongboom Biopearles M106  injection molding 

Jamplast Jamplast JPPLA  extrusion, thermoforming 

Hycail HM 1011 EU 
extrusion, thermoforming, film 
extrusion and injection molding 

Hycail 
XP13003, XP13004, XP13005, 
XP12001 EU 

blow molding, injection molding and 
paper coating 

Metabolix P1001 USA  

Metabolix P1002 USA injection molding 

Metabolix P2001 USA extrusion coating 

 
Table 1: Identification of PLA grades available on te market 

Following the previous identification, 4 grades of PLA were selected (see table 4) to be tested and 
characterized.  

 Injection moldding Extrusion 

Natureplast PLI005 PLE005 

Cargill Dow, Natureworks® 3051D 2002D 

Table 2: Selected PLA grades for characterization 
 

Then, these four commercial grades were characterized in order to evaluate and classify them. Physico-
chemical, thermal, mechanical and rheological properties have been investigated using the following 
analytical/testing methods: 

- Size Exclusion Chromatography (SEC) to provide information in terms of molecular weight and 
polydispersity of selected PLA grades. 

- Differential Scanning Calorimetry (DSC) with the aim to determine the thermal behaviour of selected 
PLA grades. 

- Melt Rheometry to investigate viscoelastic properties of different studied PLA(s) (viscosity, relaxation, 
elasticity…) 

- Tensile test on PLA film to determine some mechanical properties. 
- Dynamic thermomechanical analysis (DMA) to emphasis impact of thermomechanical past on 

material properties. 

Classification, evaluation and selection of additives available on the market to improve PLA 
performance.  
A preliminary work aiming at identifying weaknesses of commercial grades of PLA was necessary before 
the identification of additives available on the market to improve PLA performances. This work was 
composed of: 
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2.2. Results 

2.2.1 Results of Size Exclusion Chromatography 

These first results show that molecular weight distribution of Natureworks® grades is broader than these 
from Natureplast. Polydispersity index of Natureplast grades are very close and lower than 2. Figure 7 
present a comparison between their molecular distributions. Table 3 summarizes the obtained molecular 
characteristics. Regarding the average molecular weight, values are quite similar except for Natureworks® 
injection grade (3051D) which show a large molecular distribution with a presence of small chains.  

 

Figure 7: Overlap of Mi distribution curves 
 

 
(Mp: molecular weight at peak; Mn: number average molecular weight;  

Mw: weight average molecular weight; Ip: polydispersity index) 
 

Table 3: results of Mp, Mn, Mw and Ip 
 

2.2.2. Results of Differential Scanning Calorimetry  

The thermal analysis was performed in two parts: 

- 1st part: pellets were analysed without any thermal treatment. They were just dried approximately 12 
hours in an oven at 60°C under vacuum conditions and also to relax chans before to be analyzed. 

- 2nd part: pellets were analysed again after having been submitted to one of the following thermal 
treatments: 

 Treatment 1: pellets were melted at 190°C and then annealed at 110°C overnight 
 Treatment 2: pellets were annealed at 110°C overnight 
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- An identification of weaknesses of neat PLA that was carried out by a bibliography - current 
properties of PLA and its industrial synthesis – and completed by the characterization and the 
comparative study of four commercial grades mentioned in the previous part. 

- An identification of different ways of improvement of its physical, chemical and 
thermomechanical properties thanks to an academic literature review. 

Following these identifications, 4 axes of improvement have been selected as essential to be studied: 

- Cristallinity and kinetic of cristallization 
- Mechanical properties 
- Thermomechanical properties 
- Barrier properties 

Consequently, the identification of additives available on the market was oriented and based on the 
improvement of these axes: 

1 Plasticizers and nucleants to improve cristallinity and kinetic of cristalization:  
- Plasticizers: P.E.G : poly(ethylene-glycol) from Alrich 
- Nucleants: Talc from Aldrich 
- EBHSA…(the results concerning this nucleant will not be presented  in this paper (see our 

patent [1]) 
2 Chain extender to improve elongation at break and impact resistance: 

- Joncryl® J4368 CS and Joncryl® J4300 S from BASF 
3 Core-Shell particles to improve impact resistance and elongation at break 

- ParaloïdTM EXL2330 from Rohm&Haas 
- ParaloïdTM EXL2314 from Rohm&Haas 
- ParaloïdTM BPM500 from Rohm&Haas 

4 Montmorillonite nanoclays to increase elastic modulus and, help biodegradability, flame retardant 
and nucleating effect  

- Nanofil® 5 from Southern Clay Products, GE 
5 Chitosan to improve barrier properties 

- Medium Molecular Weight Chitosan powder from Aldrich 
Formulations were defined varying proportions and blends were synthesized with the purpose of checking 
experimentally the efficiency of these additives to advance PLA properties.  

All blends were made of the same PLA commercial grade, Natureworks® 2002D (extrusion grade), and 
were compounded in corotating twin-screw extruder at different compositions. Indeed, the blends were 
characterized in order to quantify the improvement of the rheological, thermo-mechanical and barrier 
properties.This experimental part has led to identify 3 additives and formulations showing interesting results.  

 

Figure 6: PRISM 16/25 corotating twin-screw extruder 

Table 3: Summary of formulations and characterized blends 
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2.2. Results 

2.2.1 Results of Size Exclusion Chromatography 

These first results show that molecular weight distribution of Natureworks® grades is broader than these 
from Natureplast. Polydispersity index of Natureplast grades are very close and lower than 2. Figure 7 
present a comparison between their molecular distributions. Table 3 summarizes the obtained molecular 
characteristics. Regarding the average molecular weight, values are quite similar except for Natureworks® 
injection grade (3051D) which show a large molecular distribution with a presence of small chains.  
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(Mp: molecular weight at peak; Mn: number average molecular weight;  

Mw: weight average molecular weight; Ip: polydispersity index) 
 

Table 3: results of Mp, Mn, Mw and Ip 
 

2.2.2. Results of Differential Scanning Calorimetry  

The thermal analysis was performed in two parts: 

- 1st part: pellets were analysed without any thermal treatment. They were just dried approximately 12 
hours in an oven at 60°C under vacuum conditions and also to relax chans before to be analyzed. 

- 2nd part: pellets were analysed again after having been submitted to one of the following thermal 
treatments: 

 Treatment 1: pellets were melted at 190°C and then annealed at 110°C overnight 
 Treatment 2: pellets were annealed at 110°C overnight 
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2.2.3. Results of Melt Rheometry  

 

Storage modulus (G‟), loss modulus (G‟‟) and complex viscosity (ŋ*) as frequency function are 
presented as follow. These results show that Natureplast and Natureworks® materials have not the 
same rheological behaviour. One common phenomenon observed on curves for each supplier is that 
G‟ and G‟‟ of extrusion grades are slightly higher than injection grade. Moreover G‟ and G‟‟ of the 
two Natureworks® grades are bigger than G‟ and G‟‟ of Natureplast grade.  Complex viscosity 
curves showed again the contrast of Natureplast and Natureworks® properties. These results 
corroborate those obtained from SEC investigations. 
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Figure 8:  Comparison of the rheological behavior of the 4 industrial grades at 180°C.  

A. Maazouz et al. Compounding and processing of biodegradable materials 
 

Frontiers in Science and Engineering 
 An International Journal Edited by Hassan II Academy of Science and Technology   12 

  

A melting peak is observed for all grades on first heating thermograms. However, this peak is much more 
important and noticeable for Natureworks® grades than Natureplast ones. The calculated crystalline phase is 
about 38% for Natureworks® grades and less than 5% for Natureplast grades (table 4). Therefore, PLAs 
from Natureworks® exhibit higher crystalline content than Natureplast products in «recieved» conditions. 
This observation cannot be generalized to purchase conditions since we do not have any information about 
exact storage conditions between purchase and the moment pellets were received to be analysed. Then, 
during cooling and second heating, any recrystallisation or melting phenomena are observed. The slow 
crystallisation kinetics of PLA (frequently related in literature) is emphasized with these tests. According to 
the present results, Natureplast products have a glass transition temperature slightly lower than 
Natureworks® products (about 2°C). Same phenomenon is observed for melt temperature: PLA from 
Natureworks® present a  higher melt temperature (7°C to 10°C) than PLA from Natureplast.      

 

Tm: Melting temperature (°C); ΔHm : melting enthalpy (J/g) ; 
Xc: crystalline amount (using 93 J/g as reference value for a crystallite of infinite size); 

Tg (°C): glass transition temperature 
Table 4: Comparison of thermal properties of selected PLA grades – 1st part (without any 

treatment) 
Regarding the 2nd part: 

The results given in table 5 show that samples which have been melted before annealed have a bigger 
crystalline content than samples only annealed. This could be explained by an enhancement of crystallisation 
when samples were cooled between 190°C and 110°C. Moreover, it seems that all analysed samples reach 
the same maximum crystalline content that is about 40%. Consequently, it is possible that Natureworks® 
sells pellets that have been thermally treated before since previous analysis results show a similar level of 
crystallinity. Such treatment is probably necessary to obtain semicrystalline products and so, helpful for 
material processing to improve mechanical and barrier properties. Additionally, results of this second part 
confirm observations done in the first one: 

- a glass transition temperature slightly lower for Natureplast materials (about 2°C) 
- a melt temperature lower for Natureplast products than Natureworks® (about 7°C to 10°C) 

 

Tm: Melting temperature (°C); ΔHm : melting enthalpy (J/g) ; 
Xc: crystalline amount (using 93 J/g as reference value for a crystallite of infinite size); 

Tg (°C): glass transition temperature 
Table 5: Comparison of thermal properties of selected PLA grades – 2nd part (after treatment) 
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2.2.3. Results of Melt Rheometry  
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corroborate those obtained from SEC investigations. 
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Figure 8:  Comparison of the rheological behavior of the 4 industrial grades at 180°C.  
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Based on commercial grade characterized and studied in the previous part, PLA can be amorphous or semi-
crystalline. When PLA is semi-crystalline, maximum amount of crystalline phase is about 40%. Its glass 
transition temperature is about 60°C and melting point is approximately 150°C. These poor thermal 
properties represent one of the main weaknesses of PLA (regards to PET for example that has a glass 
transition temperature at 80°C approx and crystalline melt at 250°C approx.). This weakness does not allow 
PLA to be used to make microwavable packages. One other weakness of PLA it is very slow crystallization 
kinetic that didn‟t allow it to crystallize during its transformation by extrusion, injection or thermoforming. 
Some mechanical properties of PLA are also poor. PLA has satisfactory elastic modulus and stress at yield. 
But it has a very small elongation at break (some percent) and a very poor resistance to impact regards to 
classic polymers used for packaging. That put another brake on using PLA for some applications. Last of the 
main weakness of PLA are its poor barrier properties to oxygen, gazes and water vapor regards to PET for 
example.   

Concerning ways to improve PLA properties: 

Ways to improve PLA properties according to academic literature are: 

- Improvement of crystalline properties and crystallization kinetic of PLA is performed with the help 
of nucleating agents (crystallization initiator) and plasticizers (to enhance macromolecular mobility). 

- Improvement of elongation at break and impact resistance is performed by the addition of core shell 
rubbers particles.  

- Chain extension of macromolecular chain of PLA may help strength of melt and thermomechanical 
properties of PLA by decreasing molecular mobility. This chain extension can also be performed using 
molecules containing epoxy or isocyanate functions. 

- Composites materials based on PLA may have better thermomechanical behavior, barrier 
properties and kinetic of biodegradability.  

 
2.3.2. Experimentation and characterization 

It is important to note that the following results are not exhaustive. Despite the interesting nature of this kind 
of main results, only some ones are chosen to be presented here as follow: 

A- Blends with plasticizers  

Blends of PLA + 10% wt PEG and PLA + 1% wt Talc have been prepared. Their main thermal, and 
mechanical characterizations are given in figures (10-13) and table 06, respectively. Hence, the following 
comments can be noted:  

 Crystallization kinetic of PLA was improved according to the use of nucleants and plasticizer.  

 Crystallization half time of PLA with TALC or PEG are shorter than neat PLA 

 Using PLA with TALC : 

•  Better crystallization half time (but a little bit long for processing) 
•  Mechanical behavior is weaker than neat PLA 
•  Spherulite size is about 50 m within a long annealing time and appropriate temperature 

 Using PLA with PEG : 

• Crystallization half time is too long 
•  Tg is too much lowered with 10% wt. of plasticizer 
•  Spherulite size is about 200m within a long annealing time and appropriate temperature 
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2.2.5. Results of the dynamic thermomechanical analysis  

 
Figure 9: DMA results (Storage modulus G„ and tanδ) on PLA film with and without annealing 

The results given in Figure 9 emphasis the influence and impact that process could have on material 
properties. Thermomechanical properties depend on thermomechanical past, so process conditions. PLA 
properties depend on its thermomechanical past as well; we can see that the PLA film analyzed was 
converted under process conditions that did not allow the material to crystallize (thermally or mechanically 
under stress) leading to the detection of high tan delta peak (glass transition/amorphous state). Nevertheless, 
annealing step performed is efficient enough to allow the PLA film to crystallize since tan delta has 
dramatically decreased. 

To conclude, this first study showed that Natureplast injection and extrusion grades are not equivalent to 
Natureworks® extrusion and injection grades. Materials showed differences in each experiment carried out. 
Chromatography showed that Natureworks® products have high polydispesity especially extrusion grade 
2002D. DSC thermograms showed that “as received” materials are semi-crystalline for Naturepworks® 
pellets and amorphous for Natureplast pellets. Mechanical tensile tests showed slight differences in terms of 
properties. The rheological analysis confirms these differences between materials.  Finally, thermoechanical 
properties (especially the modulus) are increased. It‟s due to the presence of crystalline phase induced by 
annealing.  

2.3. Classification, evaluation and selection of additives available on the market to improve PLA 
performance.  

2.3.1. Identification of PLA weaknesses and ways of improvements 

The academic literature review about PLA‟s properties and weaknesses as well as the different ways for 
improvements can be seen in the state of the art; the main observations are summarized below: 

 

Concerning PLA properties and weaknesses: 
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Based on commercial grade characterized and studied in the previous part, PLA can be amorphous or semi-
crystalline. When PLA is semi-crystalline, maximum amount of crystalline phase is about 40%. Its glass 
transition temperature is about 60°C and melting point is approximately 150°C. These poor thermal 
properties represent one of the main weaknesses of PLA (regards to PET for example that has a glass 
transition temperature at 80°C approx and crystalline melt at 250°C approx.). This weakness does not allow 
PLA to be used to make microwavable packages. One other weakness of PLA it is very slow crystallization 
kinetic that didn‟t allow it to crystallize during its transformation by extrusion, injection or thermoforming. 
Some mechanical properties of PLA are also poor. PLA has satisfactory elastic modulus and stress at yield. 
But it has a very small elongation at break (some percent) and a very poor resistance to impact regards to 
classic polymers used for packaging. That put another brake on using PLA for some applications. Last of the 
main weakness of PLA are its poor barrier properties to oxygen, gazes and water vapor regards to PET for 
example.   

Concerning ways to improve PLA properties: 

Ways to improve PLA properties according to academic literature are: 

- Improvement of crystalline properties and crystallization kinetic of PLA is performed with the help 
of nucleating agents (crystallization initiator) and plasticizers (to enhance macromolecular mobility). 

- Improvement of elongation at break and impact resistance is performed by the addition of core shell 
rubbers particles.  

- Chain extension of macromolecular chain of PLA may help strength of melt and thermomechanical 
properties of PLA by decreasing molecular mobility. This chain extension can also be performed using 
molecules containing epoxy or isocyanate functions. 

- Composites materials based on PLA may have better thermomechanical behavior, barrier 
properties and kinetic of biodegradability.  

 
2.3.2. Experimentation and characterization 

It is important to note that the following results are not exhaustive. Despite the interesting nature of this kind 
of main results, only some ones are chosen to be presented here as follow: 

A- Blends with plasticizers  

Blends of PLA + 10% wt PEG and PLA + 1% wt Talc have been prepared. Their main thermal, and 
mechanical characterizations are given in figures (10-13) and table 06, respectively. Hence, the following 
comments can be noted:  

 Crystallization kinetic of PLA was improved according to the use of nucleants and plasticizer.  

 Crystallization half time of PLA with TALC or PEG are shorter than neat PLA 

 Using PLA with TALC : 

•  Better crystallization half time (but a little bit long for processing) 
•  Mechanical behavior is weaker than neat PLA 
•  Spherulite size is about 50 m within a long annealing time and appropriate temperature 

 Using PLA with PEG : 

• Crystallization half time is too long 
•  Tg is too much lowered with 10% wt. of plasticizer 
•  Spherulite size is about 200m within a long annealing time and appropriate temperature 
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Figure 12: Polarized Light Microscopy observation (Before isothermal crystallization every samples 
were melted @200°C during 5 min) 

 
B- Blends with chain extenders: 

Blends of PLA with 0.9% wt. Joncryl J4368 CS (FDA), PLA with 0.5% wt. Joncryl J4368 CS (FDA), PLA 
with 0,9% wt. Joncryl J4300  have been also formulated. Their main thermal, rheological and mechanical 
characterizations are given in figures (13-15) and table 7. Hence, the following comments can be noted:  

+ Mechanical properties improved (σy and elasticity modulus) 

- Extrusion process may be difficult to control 

- 0,9% of Joncryl ® J4368 CS in Natureworks 2002D is too high 

- - No nucleation role 
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Figure 10: Result of DSC analysis –influence of the heating rate   

 

 

Table 6: Tensile test results – comparison of mechanical properties 
Finally, it is important to note that the original ternary nucleant systems based on talc, EBHSA and PEG to 
enhance the kinetic of crystallization of PLA in correlation with processing technology [Maazouz et al. [1]]. 

 

Figure 11: determination of crystallization half time 
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were melted @200°C during 5 min) 

 
B- Blends with chain extenders: 

Blends of PLA with 0.9% wt. Joncryl J4368 CS (FDA), PLA with 0.5% wt. Joncryl J4368 CS (FDA), PLA 
with 0,9% wt. Joncryl J4300  have been also formulated. Their main thermal, rheological and mechanical 
characterizations are given in figures (13-15) and table 7. Hence, the following comments can be noted:  

+ Mechanical properties improved (σy and elasticity modulus) 

- Extrusion process may be difficult to control 

- 0,9% of Joncryl ® J4368 CS in Natureworks 2002D is too high 

- - No nucleation role 
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Figure 15: Tensile test curves of the formulations based on PLA and the chain extender at different 
compositions. 
 

C- Blends with Core Shell particles: 

The following formulations have been prepared:  

 PLA with 10% wt. Rohm&Haas BPM500 
 PLA with 5% wt. Rohm&Haas BPM500 
 PLA with 10% wt. Rohm&Haas EXL2330  
 PLA with 5% wt. Rohm&Haas BPM500 + 0,5% wt. J4368CS 

Their main therma  and mechanical characterizations are given in figures (16-17) and table 8. Based on these 
results, the following comments can be noticed:  

+ + Better processability  

+ + Better elongation at break without lowering Tg  

+ Good visual transparency with ParaloïdTM BPM500 

- Decrease of elastic modulus and sr  

- - No nucleation role 

 

 
Table 8: Tensile test results – comparison of mechanical properties 
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Figure 13: Results of capillar rheometry analysis of the neat PLA and its formulation with the chain 
extender. 
 

 

Figure 14: Result of DSC analysis of the formulations based on PLA and the chain extender at 
different compositions. 
 

 

Table 7: Tensile test results – comparison of mechanical properties 
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Figure 15: Tensile test curves of the formulations based on PLA and the chain extender at different 
compositions. 
 

C- Blends with Core Shell particles: 

The following formulations have been prepared:  

 PLA with 10% wt. Rohm&Haas BPM500 
 PLA with 5% wt. Rohm&Haas BPM500 
 PLA with 10% wt. Rohm&Haas EXL2330  
 PLA with 5% wt. Rohm&Haas BPM500 + 0,5% wt. J4368CS 

Their main therma  and mechanical characterizations are given in figures (16-17) and table 8. Based on these 
results, the following comments can be noticed:  

+ + Better processability  

+ + Better elongation at break without lowering Tg  

+ Good visual transparency with ParaloïdTM BPM500 

- Decrease of elastic modulus and sr  

- - No nucleation role 

 

 
Table 8: Tensile test results – comparison of mechanical properties 
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Figure 18: Result of DSC analysis of PLA Blended  Nanoclays and Chitosan.  
 

 

 
Table 12: Tensile test results – comparison of mechanical properties 

 

4. Conclusion 
 

The study of four commercial grades of PLA, related previously, showed that PLA grades may have some 
differences in their properties (thermal, rheological, mechanical and physical). So these differences have to 
be taken into account in order to choose the right grade of PLA according to process and final application 
chosen.    

The study of PLA with additives in order to enhance thermomechanical properties of PLA gave these results:  

1) Plasticizer (PEG) helps to processability of PLA lowering torque of extruder. Elongation at break is 
significantly improved. Crystallization kinetic is also improved, but not enough (study on nucleating 
agents may enhanced this kinetic). Nevertheless the addition of plasticizer brought to weaknesses. 
The glass transition temperature is lowered from 60°C (neat PLA) to 44°C within the addition of 
10% wt. of PEG. Elasticity modulus is also too much lowered. As a conclusion for this part, the use 
of plasticizer only with PLA except if no thermal properties are required. 

2) Nucleating agent (TALC) helps PLA‟s nucleation initiation but the addition of TALC lowers the 
elongation at break of PLA. We were able to use the ternary nucleating system, based on talc, 
EBHSA and PEG to enhance the kinetic of crystallization of PLA in correlation with processing 
technology  [1]. 
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Figure16: Result of DSC analysis of PLA and its formulations with 5 and 10% o a core shell  
 

 

Figure 17: Tensile test curves 
 

D- Blends with Nanoclays / Chitosan: 

Blends of PLA with 5% wt. MMW Chitosan and PLA with 5% wt. Montmorillonite Nanofil® 5 have been 
also formulated by twin screw extruder too. Their main thermal and mechanical properties are presented in 
figure 18 and summarized in table 9, respectively. Indeed, the following comments can be noted:  
+ Small nucleating role of Chitosan and Montmorillonite  

+ No problems during processing  

- - lower mechanical properties except elastic modulus for PLA + MMT 
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Figure 18: Result of DSC analysis of PLA Blended  Nanoclays and Chitosan.  
 

 

 
Table 12: Tensile test results – comparison of mechanical properties 

 

4. Conclusion 
 

The study of four commercial grades of PLA, related previously, showed that PLA grades may have some 
differences in their properties (thermal, rheological, mechanical and physical). So these differences have to 
be taken into account in order to choose the right grade of PLA according to process and final application 
chosen.    

The study of PLA with additives in order to enhance thermomechanical properties of PLA gave these results:  

1) Plasticizer (PEG) helps to processability of PLA lowering torque of extruder. Elongation at break is 
significantly improved. Crystallization kinetic is also improved, but not enough (study on nucleating 
agents may enhanced this kinetic). Nevertheless the addition of plasticizer brought to weaknesses. 
The glass transition temperature is lowered from 60°C (neat PLA) to 44°C within the addition of 
10% wt. of PEG. Elasticity modulus is also too much lowered. As a conclusion for this part, the use 
of plasticizer only with PLA except if no thermal properties are required. 

2) Nucleating agent (TALC) helps PLA‟s nucleation initiation but the addition of TALC lowers the 
elongation at break of PLA. We were able to use the ternary nucleating system, based on talc, 
EBHSA and PEG to enhance the kinetic of crystallization of PLA in correlation with processing 
technology  [1]. 
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3) The addition of Core-Shell grade BPM500 lowered melted viscosity. In the case of grade EXL2330, 
no difference were measured compared to neat PLA. Core-Shell didn‟t act as a nucleating agent. 
Elongation at break is improved as when a plasticizer is used but without lowering Tg. Elastic 
modulus of this blend is lower than neat PLA but as not as when a plasticizer is used (for same 
amount of additive). Visual observation of film confirms that grade BPM500 keeps PLA‟s 
transparency better than EXL2330. Study of impact resistance has to be done. 

4) Chain extension of PLA with BASF Joncryl® additives improves elasticity modulus and stress at 
yield. High reactivity of blend at the molten state at low shear rate may affect its transformation 
when processing by extrusion. Added at low rates (< 0.5% wt.) it can “repair” molecular 
degradation (well known when processing polyesters). It could also be used as a compatibilizer 
when blending PLA with other molecules. No role of chain extender as nucleation initiator was 
measured.    

5) The last two blends studied (PLA + Nanoclays or PLA + Chitosan) brought a small nucleating 
effect. Measured mechanical properties are lowered regards to neat PLA (not in the case PLA + 
nanoclays for which elasticity modulus is slightly improved). Nevertheless interesting enhancements 
that can be brought to PLA (bactericide and fungicidal for chitosan and help to biodegradation and 
enhancement of thermo-mechanical behavior) need a much more precise study over these blends.  
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Abstract: Rheological	  experiments	  in	  shear	  and	  uniaxial	  elongational	  flows	  have	  been	  

carried	  out	  on	  a	  model	  immiscible	  blend	  made	  of	  PS	  and	  PMMA	  with	  various	  compositions.	  
Experimental	  results	  showed	  a	  negative	  deviation	  behavior	  from	  the	  log-additivity	  rule	  both	  in	  
shear	  and	  elongation	  for	  blends	  having	  PS	  as	  the	  continuous	  phase.	  Such	  behavior	  can	  be	  
attributed	  to	  the	  interfacial	  slip	  that	  results	  from	  a	  lack	  of	  entanglements	  and	  thus	  from	  the	  
weak	  adhesion	  at	  the	  interface,	  as	  verified	  by	  Scanning	  Electron	  Microscopy	  observations.	  The	  
obtained	  reduction	  in	  viscosity	  was	  compared	  to	  the	  predictions	  of	  Bousmina-Palierne-Utracki	  
(1999)	  and	  Adhekari-Goveas	  (2004)	  models.	  Addition	  of	  1wt%	  of	  a	  block	  copolymer	  resulted	  in	  a	  
partial	  suppression	  of	  the	  interfacial	  slip.	  

Key	  words:	  polymer	  blends,	  interface,	  slip	  

1. 	  Introduction	  
When	   two	   immiscible	   polymers	   of	   different	   viscosities	   are	   mixed	   together,	   the	   resulting	  
mixture	   generally	   displays	   an	   intermediate	   viscosity	   at	   high	   shear	   rate	   (high	   frequencies),	  
while	  showing	  a	  zero-‐shear	  (zero-‐frequency)	  viscosity	  higher	  than	  the	  viscosity	  of	  the	  major	  
phase.	  While	  this	  behavior	  is	  predicted	  by	  any	  emulsion	  or	  suspension	  type	  of	  models,	  some	  
blends	  will	   behave	   differently	   and	   show	   a	   decreased	   viscosity	   that	   can	   even	   become	   lower	  
than	  that	  of	   the	  pure	  components.	  Utracki	  (1991)	  classified	  the	  blends	   into	  three	  categories	  
depending	  on	  their	  viscosity-‐concentration	  dependence	  in	  relation	  to	  the	  log-‐additivity	  rule:	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  
i

i
i loglog ηφη ∑=

	   	  	  	  	  	  	  	  	  	  	  	  	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (1)	  

in	  which	   iφ 	  and	   iη 	  denote	  the	  volume	  fraction	  and	  the	  viscosity	  of	  the	  component	  i.	  There	  are	  
blends	  showing	  a	  positive	  deviation	  from	  the	  log-‐additivity	  rule	  (PDB);	  blends	  with	  a	  negative	  
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where	   iw 	  and	   iη 	  are	  respectively	  the	  weight	  fraction	  and	  the	  viscosity	  of	  the	  component	  i.β 	  
is	  defined	  as:	  

( ) 5.01 BAwwλβ += 	   where	  	   ABPR
l
αλ

Δ
=
2 	   	   	   (4)	  

Lin	   (1979)	   found	   that	   Equation	   3	   could	   describe	   the	   experimental	   results	   of	   PS/PP	   blend	  
obtained	  by	  Han	  &	  Yu	  (1972).	  However,	  the	  fitting	  procedure	  needed	  to	  describe	  the	  negative	  
deviation	  of	   the	  viscosity	   is	  problematic.	   Several	   inconstancies	  of	   Lin’s	  model	  were	  pointed	  
out	  and	  discussed	  in	  the	  paper	  of	  Bousmina	  et	  al.	  (1999).	  	  

Bousmina,	  Palierne	  and	  Utracki	  (1999)	  proposed	  an	  extension	  of	  Heitmiller	  model	  (1964)	  by	  
incorporating	   the	   jump	   in	   viscosity	   at	   the	   interface	   under	   continuity	   of	   shear	   stress.	   The	  
authors	   considered	   the	   interface	   as	   a	   third	   phase	  with	   its	   own	   thickness	   and	   viscosity	   and	  
assumed	  that	  the	  mixture	  flows	  through	  a	  cylindrical	  pipe	  at	  vanishing	  Reynolds	  number.	  The	  
BPU	  (Bousmina,	  Palierne	  and	  Utracki)	  model	  describes	  the	  slip	  by	  the	  following	  equation:	  

( ) 5.01
BA

B

B

A

A K φφ
η
φ

η
φ

η
++= 	   	   	   	   	   (5)	  

K	  is	  defined	  as	  the	  governing	  parameter	  of	  the	  NBD	  behavior	  and	  it	  is	  inversely	  proportional	  
to	   the	   thickness	   lΔ 	   and	   the	   viscosity	   interphaseη 	   of	   the	   interface.	   Utracki	   &	   Kamal	   (2002)	  

proposed	  a	  simple	  way	  to	  describe	  the	  concentration	  dependence	  of	  viscosity	  by	  combining	  
the	   interlayer	   slip	   (calculated	   using	   equation	   5)	   and	   viscosity	   enhancement	   due	   to	   the	  
droplet-‐like	  morphology:	  

excessL ηηη lnlnln Δ+= 	  	   	   	   	   	   (6)	  

The	  second	  term	  in	  the	  right-‐hand	  side	  of	  equation	  6	  represents	  the	  viscosity	  enhancement.	  
Utracki	  &	  Kamal	  used	  the	  equation	  previously	  proposed	  by	  Utracki	  (1991):	  

( )
( ) ( ) ⎪⎭
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⎦

⎤
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−
−=Δ 2
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2
21

2
11

max 1ln
II

I
excess φφφφ

φφ
ηη 	   	   	   (7)	  

where	   the	   values	   of	   phase	   inversion	   concentrations	   I1φ 	   and	   I2φ 	   as	   well	   as	   maxη can	   be	  
calculated	   numerically.	   This	   set	   of	   equations	   was	   shown	   to	   provide	   a	   fair	   fit	   for	   the	  
concentration	   dependence	   of	   zero	   shear	   viscosity	   of	   the	   PS/PMMA	   blend	   data	   obtained	   by	  
Valenza	   et	   al.	   (1991).	   Viscosity	   enhancement	   can	   also	   be	   calculated	   analytically	   using	  
emulsion	   models	   like	   Palierne	   model	   (1991),	   Bousmina	   model	   (1999),	   Jackson	   and	   Tucker	  
(2003)	  model	  or	  Yu	  and	  Bousmina	  model	  (2003).	  

Interfacial	   slip	   based	   on	   a	   molecular	   picture	   has	   been	   provided	   by	   de	   Gennes	   (1989)	   and	  
Goveas	  &	  Frederickson	  (1997)	  for	  planar	  interfaces.	  In	  both	  models,	  the	  principal	  hypothesis	  
is	   that	   the	   polymeric	   chains	   are	   less	   entangled	   at	   the	   interface	   and	   thus	   generates	   a	   local	  
lubrication	  effect	  that	  causes	  a	  macroscopic	  velocity	  discontinuity	  leading	  to	  slip	  between	  the	  

N.	  Mechbal	  &	  M.	  Bousmina.	   Experimental	  Study	  of	  Interfacial	  Slip	  Effect	  
	  

deviation	  (NDB)	  and	  blends	  where	  both	  positive	  and	  negative	  deviations	  have	  been	  observed	  
(PNDB)	   and	   (NPDB).	   This	   negative	   deviation	   is	   attributed	   to	   a	   poor	   adhesion	   between	   the	  
segregated	  domains	  of	  the	  blends,	  causing	  interfacial	  slippage	  during	  shear	  flow.	  

Han	   and	   Yu	   (1972)	   have	   measured	   the	   viscosity	   of	   PS/PP	   blends	   of	   various	   compositions	  
using	   a	   capillary	   rheometer	   and	   showed	   that	   the	   viscosity	   of	   the	   blend	   exhibits	   a	   negative	  
deviation	   behavior	   (NDB).	   NDB	   behavior	   was	   also	   observed	   by	   Lynggaae-‐Jorgensen	   et	   al.	  
(1988)	  on	  PMMA/PS	  blends	   consisting	  of	   alternating	   thin	   layers	  of	  PS	  and	  PMMA	  extruded	  
through	  a	  capillary	  rheometer.	  This	  NDB	  behavior	  was	  also	  observed	  for	  other	  blends	  among	  
which	   are	   PE/PS	   [Han	   (1971)],	   EPDM/VITON	   [Shik	   (1976)],	   PA6-‐6/PE	   [Utracki	   &	   Kamal	  
(1982)],	  PA-‐12/PA	  [Carley	  (1980)]	  and	  PP/PS	  [Zhao	  &	  Macosko	  (2002)].	  

Both	   NDB	   and	   PDB	   behaviours	   were	   also	   reported	   for	   PS	   when	   combined	   with	   styrene-‐
methacrylic	  acid	  copolymer	  [Iwakura	  and	  Fujimura	  (1975)],	  for	  PC/PS	  [Lipatov	  et	  al.,	  (1978)],	  
for	   PE/POM	   [Lipatov	   (1978)]	   and	   for	   PS/PB	   [Chen	   &	   Lin	   (1979)].	   Vemura	   &.	   Takayanagi	  
(1966),	  Ablazova	  et	   al.	   (1975),	  Han	  &	  Kim	   (1975)	  and	   Iwakura	  &	  Fujimura	   (1975)	  have	  all	  
found	  that	  the	  blend	  viscosity	  shows	  a	  maximum	  at	  low	  shear	  stress	  levels	  and	  a	  minimum	  at	  
high	  shear	  stresses	  due	  to	  slip	  at	  the	  interface	  between	  the	  components.	  

The	  addition	  of	   a	   compatibilizer	  was	   found	   to	   suppress	   the	   interfacial	   slip	  between	  phases.	  
Levitt	   and	   Macosko	   (1999)	   have	   shown	   that	   the	   interfacial	   slip	   can	   be	   totally	   suppressed	  
using	   both	   block	   and	   grafted	   copolymers	   in	   blends	   with	   droplet/matrix	   morphology.	   The	  
interfacial	  slip	  may	  also	  be	  attenuated	  by	  promoting	  an	   in-‐situ	  reactive	  compatibilization	  as	  
observed	   by	   Van	   Puyvelde	   et	   al.	   (2003)	   on	   Ethylene	   Propylene	   Rubber/PA6.	   Such	   in-‐situ	  
compatibilisation	   had	   also	   been	   tested	   for	   blends	   with	   both	   stratified	   and	   droplets/matrix	  
morphology,	   where	   small	   amounts	   of	   ethylene-‐propylene	   	   rubber	   grafted	   with	   maleic	  
anhydride	  (EPR-‐g-‐MA)	  were	  added.	  Results	  have	  shown	  that	  the	  blend	  viscosity	  is	  increased	  
even	  if	  NBD	  behavior	  was	  not	  completely	  suppressed.	  

On	  the	  theoretical	  side,	  several	  models	  have	  been	  developed	  to	  account	  for	  the	  interfacial	  slip	  
responsible	   for	   negative	   deviation.	   Lin	   (1979)	   modified	   the	   Hitmiller	   model	   (1964)	   by	  
empirically	   introducing	   slippage	   that	   occurs	   in	   concentric	   multilayered	   system	   during	  
capillary	  flow.	  He	  assumed	  that	  the	  shear	  stress	  of	  each	  layer	  can	  be	  modified	  by	  the	  presence	  
of	  an	  additional	  frictional	  stress:	  

( )
L
Pr

R
rS

r
rv

i 2
Δ

=+
∂
∂

−= ητ 	   with	  	   ( ) 5.0
BAAB wwS α= 	   	   (2)	  

where	  R	  is	  the	  capillary	  radius,	   PΔ 	   is	  the	  pressure	  drop	  and	   ABα 	   is	  a	  fitting	  parameter	  that	  
accounts	   for	   the	   interlayer	   slip	   responsible	   for	   deviation	   from	   the	   log-‐additivity	   rule.	   Lin’s	  
model	  expresses	  the	  total	  viscosity	  by	  :	  
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where	   iw 	  and	   iη 	  are	  respectively	  the	  weight	  fraction	  and	  the	  viscosity	  of	  the	  component	  i.β 	  
is	  defined	  as:	  

( ) 5.01 BAwwλβ += 	   where	  	   ABPR
l
αλ

Δ
=
2 	   	   	   (4)	  

Lin	   (1979)	   found	   that	   Equation	   3	   could	   describe	   the	   experimental	   results	   of	   PS/PP	   blend	  
obtained	  by	  Han	  &	  Yu	  (1972).	  However,	  the	  fitting	  procedure	  needed	  to	  describe	  the	  negative	  
deviation	  of	   the	  viscosity	   is	  problematic.	   Several	   inconstancies	  of	   Lin’s	  model	  were	  pointed	  
out	  and	  discussed	  in	  the	  paper	  of	  Bousmina	  et	  al.	  (1999).	  	  

Bousmina,	  Palierne	  and	  Utracki	  (1999)	  proposed	  an	  extension	  of	  Heitmiller	  model	  (1964)	  by	  
incorporating	   the	   jump	   in	   viscosity	   at	   the	   interface	   under	   continuity	   of	   shear	   stress.	   The	  
authors	   considered	   the	   interface	   as	   a	   third	   phase	  with	   its	   own	   thickness	   and	   viscosity	   and	  
assumed	  that	  the	  mixture	  flows	  through	  a	  cylindrical	  pipe	  at	  vanishing	  Reynolds	  number.	  The	  
BPU	  (Bousmina,	  Palierne	  and	  Utracki)	  model	  describes	  the	  slip	  by	  the	  following	  equation:	  
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K	  is	  defined	  as	  the	  governing	  parameter	  of	  the	  NBD	  behavior	  and	  it	  is	  inversely	  proportional	  
to	   the	   thickness	   lΔ 	   and	   the	   viscosity	   interphaseη 	   of	   the	   interface.	   Utracki	   &	   Kamal	   (2002)	  

proposed	  a	  simple	  way	  to	  describe	  the	  concentration	  dependence	  of	  viscosity	  by	  combining	  
the	   interlayer	   slip	   (calculated	   using	   equation	   5)	   and	   viscosity	   enhancement	   due	   to	   the	  
droplet-‐like	  morphology:	  

excessL ηηη lnlnln Δ+= 	  	   	   	   	   	   (6)	  

The	  second	  term	  in	  the	  right-‐hand	  side	  of	  equation	  6	  represents	  the	  viscosity	  enhancement.	  
Utracki	  &	  Kamal	  used	  the	  equation	  previously	  proposed	  by	  Utracki	  (1991):	  
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where	   the	   values	   of	   phase	   inversion	   concentrations	   I1φ 	   and	   I2φ 	   as	   well	   as	   maxη can	   be	  
calculated	   numerically.	   This	   set	   of	   equations	   was	   shown	   to	   provide	   a	   fair	   fit	   for	   the	  
concentration	   dependence	   of	   zero	   shear	   viscosity	   of	   the	   PS/PMMA	   blend	   data	   obtained	   by	  
Valenza	   et	   al.	   (1991).	   Viscosity	   enhancement	   can	   also	   be	   calculated	   analytically	   using	  
emulsion	   models	   like	   Palierne	   model	   (1991),	   Bousmina	   model	   (1999),	   Jackson	   and	   Tucker	  
(2003)	  model	  or	  Yu	  and	  Bousmina	  model	  (2003).	  

Interfacial	   slip	   based	   on	   a	   molecular	   picture	   has	   been	   provided	   by	   de	   Gennes	   (1989)	   and	  
Goveas	  &	  Frederickson	  (1997)	  for	  planar	  interfaces.	  In	  both	  models,	  the	  principal	  hypothesis	  
is	   that	   the	   polymeric	   chains	   are	   less	   entangled	   at	   the	   interface	   and	   thus	   generates	   a	   local	  
lubrication	  effect	  that	  causes	  a	  macroscopic	  velocity	  discontinuity	  leading	  to	  slip	  between	  the	  
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morphology.	   Furthermore,	   to	   our	   knowledge,	   no	   data	   are	   available	   in	   the	   open	   literature	  
concerning	  the	  effect	  of	  interfacial	  slip	  on	  the	  elongational	  rheology	  of	  such	  blends.	  	  

In	  the	  present	  study,	  the	  behavior	  of	  PS/PMMA	  blends	  was	  examined	  in	  various	  flow	  fields:	  i)	  
Small	   amplitude	   oscillatory	   shear,	   ii)	   step-‐up	   shear	   rate,	   iii)	   steady	   shear	   and	   iv)	   uniaxial	  
elongational	   flow.	  The	  obtained	  experimental	   results	   are	   compared	   to	  BPU	  and	  Adhekari	  &	  
Goveas	  models.	  The	  effect	  of	  diblock	  copolymer	  addition	  on	  the	  slip	  suppression	  or	  reduction	  
is	  also	  studied.	  The	  overall	  results	  are	  then	  connected	  to	  the	  blend	  morphology.	  	  

2. Experimental	  	  

2.1	  Samples	  preparation	  
A	   model	   blend	   of	   commercial	   polystyrene	   (PS)	   and	   polymethylmethacrylate	   (PMMA)	   was	  
selected	  for	  these	  experiments.	  PS	  and	  PMMA	  characteristics	  are	  listed	  in	  Table	  1.	  Molecular	  
weight	   of	   the	   homopolymers	   and	   their	   polydispersity	   indexes	   were	   measured	   by	   Gel	  
Permeation	  Chromatography	  (GPC)	  in	  tetrahydrofurane	  (THF),	  using	  a	  system	  equipped	  with	  
Waters	   Ultrastyragel	   and	   Shodex	   KF804	   columns	   and	   a	   Waters	   R401	   differential	  
refractometer.	   Glass	   transition	   temperatures	   were	   determined	   by	   Dynamic	   Scanning	  
Calorimetry	   (DSC)	   (TA	   Instruments	  Q100).	   PS-‐b-‐PMMA	  diblock	   copolymer,	   purchased	   from	  
Polymer	   Source	   Inc.	   was	   used	   as	   interfacial	   agent	   for	   the	   study	   of	   compatibilized	   blends.	  
Molecular	   weight	   of	   both	   blocks	   (60000	   g/mol	   for	   PS	   block	   and	   60000	   g/mol	   for	   PMMA	  
block)	  is	  higher	  than	  their	  respective	  critical	  molecular	  weight	  for	  entanglements.	  

	  

Polymer	  	  
(commercial	  name)	  

Suppliers	   Molecular	  weights	   Tg	  (ºC)	  

Mn	  

(g/mol)	  
Mw	  

(g/mol)	  

Polystyrene	  685	  D	   Dow	  Chemical	   122900	   312400	   110	  

Polymethyl	  
methacrylate	  	  

Atohaas	   America	  
Inc.	  

54000	   126600	   109	  

Table 1: Source, glass transition temperature and molecular weight of the homopolymers. 

	  

Homopolymers	  were	   first	  dried	  during	  48	  hours	  under	  vacuum	  at	  80°C	  before	  mixing	   for	  5	  
minutes	   in	   a	   ThermoHaake	   batch	   mixer	   at	   200°C	   and	   with	   a	   rotation	   speed	   of	   50	   rpm.	  
Uncompatibilized	  and	  compatibilized	  blends	  (with	  1	  wt%	  of	  compatibilizer)	  were	  prepared	  at	  
10%;	  30%;	  70%	  and	  90%	  weight	  of	  PS.	  The	  pure	  homopolymers	  were	  processed	  in	  the	  same	  
conditions	   as	   their	   blends	   to	   avoid	   any	   effects	   of	   processing	   history.	   In	   the	   case	   of	  
compatibilized	   blends,	   the	   compatibilizer	  was	   added	  directly	   in	   the	   batch	  mixer	   during	   the	  
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blend’s	   components.	   Consequently,	   when	   a	   blend	   is	   exposed	   to	   shear	   stress,	   the	   interface	  
begins	  to	  act	  as	  a	  lubricating	  layer	  that	  reduces	  the	  bulk	  viscosity.	  	  

Recently,	  Adhikari	  &	  Goveas	  (2004)	  used	  the	  scaling	  theories	  of	  de	  Gennes,	  Brochard-‐Wyart	  et	  
al.	   (1996)	   and	   Ajdari	   (1994)	   to	   predict	   the	   apparent	   viscosity	   for	   Newtonian	   blends.	   In	  
addition	  to	  stratified	  blends,	  Adhikari	  &	  Goveas	  modified	  Palierne’s	  model	  (1990)	  to	  account	  
for	   interfacial	   slip	   in	   the	   case	   of	   dilute	   emulsions.	   The	   authors	   considered	   that	   the	   total	  
interfacial	  stress	   is	  composed	  of	   two	  terms:	   i)	   the	  stress	  due	   to	   the	  entanglements	  between	  
dissimilar	   polymer	   chains	   at	   the	   interface	   and	   ii)	   the	   Rouse	   stress	   that	   results	   from	   non-‐
entangled	   loops.	   In	   the	   low	   frequencies	   limit,	   where	   the	   two	   components	   behave	   as	  
Newtonian	   liquids,	   Adhikari	   &	   Goveas	   model	   leads	   to	   the	   following	   expression	   for	   the	  
apparent	  viscosity	  of	  a	  dilute	  emulsion	  of	  two	  immiscible	  polymers:	  
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The	  first	  term	  is	  the	  Taylor’s	  expression	  (1932,	  1934)	  for	  emulsion	  viscosity,	  while	  the	  second	  
term	  represents	  the	  effect	  of	  slip	  with:	  
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where	   V*	   is	   the	   interfacial	   velocity	   above	   which	   the	   slip	   occurs,	   p	   is	   the	   viscosity	   ratio	  
between	  the	  dispersed	  phase	  and	  the	  matrix,	  φ 	  is	  the	  volume	  fraction	  of	  the	  dispersed	  phase,	  

Ia 	   is	   the	   interfacial	   thickness	   defined	   by	   Helfand-‐Tagami	   as	   χ62b ,	   b	   is	   the	   monomer	  
length,	  f	  is	  the	  fraction	  of	  entangled	  loops	  at	  the	  interface	  ( [ ]χeN−≈ exp ),	  N	  is	  the	  number	  of	  
monomers	   per	   molecule,	   eN 	   is	   the	   entanglements	   length	   in	   term	   of	   monomers,	   ξ 	   is	   the	  
monomeric	   friction	  coefficient	  and	  R	   the	   initial	  radius	  of	   the	  dispersed	  drops.	  As	  mentioned	  
previously,	   Adhikari	  &	  Goveas	  model	  was	   derived	   from	   the	   linear	   Palierne	  model	   and	   thus	  
does	  not	  account	  for	   large	  deformation	  of	  the	  drop.	  Moreover,	   the	  model	  considers	  only	  the	  
case	   of	   dilute	   emulsions	   and	   does	   not	   take	   into	   account	   the	   shear	   thinning	   of	   the	   blend	  
components.	  

Most	  of	  the	  experimental	  studies	  concerning	  interfacial	  slip	  have	  been	  realized	  with	  stratified	  
blends	   in	   simple	   shear	   flow	   and	   only	   few	   studies	   were	   performed	   with	   droplet-‐type	  
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morphology.	   Furthermore,	   to	   our	   knowledge,	   no	   data	   are	   available	   in	   the	   open	   literature	  
concerning	  the	  effect	  of	  interfacial	  slip	  on	  the	  elongational	  rheology	  of	  such	  blends.	  	  

In	  the	  present	  study,	  the	  behavior	  of	  PS/PMMA	  blends	  was	  examined	  in	  various	  flow	  fields:	  i)	  
Small	   amplitude	   oscillatory	   shear,	   ii)	   step-‐up	   shear	   rate,	   iii)	   steady	   shear	   and	   iv)	   uniaxial	  
elongational	   flow.	  The	  obtained	  experimental	   results	   are	   compared	   to	  BPU	  and	  Adhekari	  &	  
Goveas	  models.	  The	  effect	  of	  diblock	  copolymer	  addition	  on	  the	  slip	  suppression	  or	  reduction	  
is	  also	  studied.	  The	  overall	  results	  are	  then	  connected	  to	  the	  blend	  morphology.	  	  

2. Experimental	  	  

2.1	  Samples	  preparation	  
A	   model	   blend	   of	   commercial	   polystyrene	   (PS)	   and	   polymethylmethacrylate	   (PMMA)	   was	  
selected	  for	  these	  experiments.	  PS	  and	  PMMA	  characteristics	  are	  listed	  in	  Table	  1.	  Molecular	  
weight	   of	   the	   homopolymers	   and	   their	   polydispersity	   indexes	   were	   measured	   by	   Gel	  
Permeation	  Chromatography	  (GPC)	  in	  tetrahydrofurane	  (THF),	  using	  a	  system	  equipped	  with	  
Waters	   Ultrastyragel	   and	   Shodex	   KF804	   columns	   and	   a	   Waters	   R401	   differential	  
refractometer.	   Glass	   transition	   temperatures	   were	   determined	   by	   Dynamic	   Scanning	  
Calorimetry	   (DSC)	   (TA	   Instruments	  Q100).	   PS-‐b-‐PMMA	  diblock	   copolymer,	   purchased	   from	  
Polymer	   Source	   Inc.	   was	   used	   as	   interfacial	   agent	   for	   the	   study	   of	   compatibilized	   blends.	  
Molecular	   weight	   of	   both	   blocks	   (60000	   g/mol	   for	   PS	   block	   and	   60000	   g/mol	   for	   PMMA	  
block)	  is	  higher	  than	  their	  respective	  critical	  molecular	  weight	  for	  entanglements.	  

	  

Polymer	  	  
(commercial	  name)	  

Suppliers	   Molecular	  weights	   Tg	  (ºC)	  

Mn	  

(g/mol)	  
Mw	  

(g/mol)	  

Polystyrene	  685	  D	   Dow	  Chemical	   122900	   312400	   110	  

Polymethyl	  
methacrylate	  	  

Atohaas	   America	  
Inc.	  

54000	   126600	   109	  

Table 1: Source, glass transition temperature and molecular weight of the homopolymers. 

	  

Homopolymers	  were	   first	  dried	  during	  48	  hours	  under	  vacuum	  at	  80°C	  before	  mixing	   for	  5	  
minutes	   in	   a	   ThermoHaake	   batch	   mixer	   at	   200°C	   and	   with	   a	   rotation	   speed	   of	   50	   rpm.	  
Uncompatibilized	  and	  compatibilized	  blends	  (with	  1	  wt%	  of	  compatibilizer)	  were	  prepared	  at	  
10%;	  30%;	  70%	  and	  90%	  weight	  of	  PS.	  The	  pure	  homopolymers	  were	  processed	  in	  the	  same	  
conditions	   as	   their	   blends	   to	   avoid	   any	   effects	   of	   processing	   history.	   In	   the	   case	   of	  
compatibilized	   blends,	   the	   compatibilizer	  was	   added	  directly	   in	   the	   batch	  mixer	   during	   the	  
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blending	   process.	   Discs	   of	   1.2	   mm	   in	   thickness	   and	   25	   mm	   in	   diameter	   suitable	   for	   shear	  
experiments	  were	  prepared	  by	  compression-‐molding	  at	  200ºC.	  Samples	  for	  elongational	  tests	  
were	   compression	   molded	   into	   plates	   of	   typically	   1.5×70×100	  mm3,	   from	   which	   ten	  
specimens	   of	   1.5×56×7.5	  mm3	   were	   cut	   by	   means	   of	   a	   band	   saw	   and	   then	   polished	   at	   the	  
edges	  using	  a	  Bridgeport	  milling	  machine	  to	  have	  smooth,	  parallel	  and	  uniform	  cross-‐section.	  
The	  specimens	  where	  then	  kept	  under	  vacuum	  at	  80°C	  for	  4	  days	  before	  experiments.	  Since	  
the	  elongational	  data	  are	  highly	  sensitive	  to	  the	  samples’	  preparation	  procedure,	  special	  care	  
was	   taken	  during	   the	  molding	  procedure	   in	  order	   to	  produce	  homogeneous	  samples	  and	   to	  
avoid	  any	  residual	  stresses.	  	  

2.2	  Rheological	  testing	  

Shear	   experiments	   were	   carried	   out	   on	   a	   MCR	   500	   rheometer	   from	   Paar	   Physica.	   Parallel-‐
plates	   geometry	   was	   used	   for	   small-‐amplitude	   oscillatory	   shear	   measurements	   (SAOS),	  
whereas	   cone-‐and-‐plate	   geometry	   was	   used	   to	   perform	   steady	   and	   transient	   shear	   tests.	  
Dynamic	  experiments	  were	  carried	  out	  in	  the	  linear	  regime	  (strain	  of	  0.1)	  as	  was	  confirmed	  
from	  previous	  strain	  sweep	  measurements.	  Experiments	  in	  uniaxial	  elongation	  were	  carried	  
out	   using	   the	  RME	  Rheometric	   Scientific	   elongation	   rheometer.	   The	   testing	   chamber	   of	   the	  
RME	  consisted	  of	  an	  electrically	  heated	  ceramic	  oven.	  The	  sample	  was	  gripped	  from	  its	   two	  
extremities	   using	   a	   four	   belt-‐clamps	   system	   that	   counter-‐rotate	   with	   constant	   velocity	   to	  
impose	  uniaxial	  elongation.	  The	  Sample	  Supporting	  System	  consisted	  of	  a	  porous	  metal	  table	  
situated	  between	   the	  clamps	   that	   inject	  a	  continuous	   flow	  of	  compressed	  air	  or	   inert	  gas	  at	  
test	  temperature	  to	  prevent	  any	  sample	  sagging.	  In	  order	  to	  avoid	  thermal	  degradation	  of	  the	  
polymers,	   experiments	  were	   realized	   under	   continuous	   purge	   of	  Nitrogen.	   The	   true	   rate	   of	  
elongation	  was	  obtained	  from	  the	  sample’s	  width	  retraction	  during	  the	  elongation.	  	  

2.3	  Morphology	  
In	  order	   to	   relate	   the	   rheological	   response	  of	   the	  blends	   to	   their	  morphology,	   observations	  
were	  carried	  out	  on	  selected	  specimens	  after	  elongation	  at	  a	  given	  Hencky	  strain,	  using	  a	  Jeol	  
JSM-‐840a	   Scanning	   Electron	   Microscope	   operating	   at	   15	   kV.	   Samples	   intended	   for	  
morphological	   analysis	  were	   removed	   from	   the	  RME	   testing	   chamber	   at	   a	   selected	   stage	  of	  
elongation	  by	  means	  of	   a	   home	  made	  metal-‐spring	   fixture	   that	   allow	   rapid	   clamping	  of	   the	  
stretched	  samples	  without	  squeezing	  effects.	  To	  accelerate	  the	  quenching	  process,	  the	  metal	  
fixture	  was	   immersed	   in	   liquid	   nitrogen	   for	   roughly	   3	  minutes	   before	   gripping	   the	   sample.	  
Liquid	  nitrogen	  was	  then	  poured	  on	  the	  gripped	  sample	  during	  10	  to	  15	  seconds.	  The	  sample	  
was	  then	  removed	  from	  the	  RME	  oven	  and	  immersed	  again	  into	  liquid	  nitrogen.	  Samples	  for	  
SEM	  observations	  were	  cryo-‐fractured	   in	   liquid	  nitrogen	  within	   the	   flow	  direction	  and	   then	  
stained	  by	  a	  mixture	  of	  50/50	  gold/palladium.	  The	  quenching	  procedure	  used	  here	  enables	  
bringing	  back	  the	  sample’s	   temperature	  below	  the	  Glass	  Transition	  Temperature	  of	  both	  PS	  
and	   PMMA	   (approximately	   110°C)	   in	   less	   than	   one	   second,	   a	   delay	   which	   is	   considerably	  
shorter	   with	   respect	   to	   the	   drop	   relaxation	   time	   for	   similar	   blends	   (Mechbal	   &	   Bousmina	  
(2004)).	  Hence,	  one	  can	  reasonably	  assume	  that	  the	  morphological	  state	  generated	  during	  the	  
flow	  is	  quite	  well	  conserved.	  
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The	   decrease	   in	   viscosity	   and	   elasticity	   of	   the	   blend	   with	   respect	   to	   those	   of	   the	   pure	  
components	   is	   somewhat	  unusual,	  but	   this	   is	   an	  experimental	   fact.	  The	  experiments	   shown	  
here	  were	  repeated	  four	  times	  by	  two	  researchers	  (by	  one	  of	  the	  authors	  and	  by	  a	  research	  
assistant)	   on	   two	   different	   rheometers	   (MCR500	   from	   Paar	   Physica	   and	   ARES-‐LS	   from	   TA	  
Instruments)	   and	   the	   results	   were	   perfectly	   reproducible.	   No	   explanation	   for	   this	  
phenomenon	  comes	  to	  mind	  at	  this	  point;	  a	  slip	  behavior	  between	  immiscible	  PS	  and	  PMMA	  
may	  be	  evoked,	  but	  such	  a	  concept	   is	  hardly	  explicable	   in	  small	  amplitude	  oscillatory	  shear	  
measurements.	  	  
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Figure 4: Complex dynamic shear viscosity of pure PS, PMMA and their blends of various 
compositions 

	  

To	   understand	   such	   behavior,	   the	   same	   blends	   were	   subjected	   to	   four	   types	   of	   flow:	   i)	  
transient	   shear	   flow	   at	   constant	   shear	   rate,	   ii)	   steady	   shear	   flow	   at	   various	   shear	   rates,	   ii)	  
steady	   shear	   flow	   at	   various	   shear	   stresses,	   and	   iv)	   elongational	   flow	   at	   constant	   rate	   of	  
deformation.	  The	  results	  of	  such	  various	  flows	  will	  be	  presented	  in	  the	  following	  sections:	  
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Figure 2: Loss modulus for pure PS, PMMA and their blends with various compositions. 
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Figure 3: Loss modulus for pure PS, PMMA and their blends with various compositions. 
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here	  were	  repeated	  four	  times	  by	  two	  researchers	  (by	  one	  of	  the	  authors	  and	  by	  a	  research	  
assistant)	   on	   two	   different	   rheometers	   (MCR500	   from	   Paar	   Physica	   and	   ARES-‐LS	   from	   TA	  
Instruments)	   and	   the	   results	   were	   perfectly	   reproducible.	   No	   explanation	   for	   this	  
phenomenon	  comes	  to	  mind	  at	  this	  point;	  a	  slip	  behavior	  between	  immiscible	  PS	  and	  PMMA	  
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phase	   lies	   between	   the	   viscosities	   of	   the	  pure	   components,	  whereas	   the	   viscosity	   of	   blends	  
with	   PS	   as	   the	   major	   phase	   is	   lower	   than	   both	   PS	   and	   PMMA	   viscosities.	   Such	   behavior	   is	  
attributed	  to	  slip	  between	  the	  more	  viscous	  PMMA	  dispersed	  drops	  and	  the	  PS	  matrix.	  Within	  
the	  interval	  of	  shear	  rates	  and	  shear	  stresses	  tested	  in	  this	  work,	  the	  interfacial	  slip	  seems	  to	  
occur	  at	  all	  shear	  rates	  and	  shear	  stresses	  but	  its	  magnitude	  is	  higher	  at	  higher	  shear	  stresses.	  
Note	  also	  that	  the	  viscosity	  of	  the	  blend	  with	  70%	  of	  PS	  is	  lower	  than	  that	  of	  the	  blend	  with	  
90%	  of	  PS.	  This	  could	  be	  explained	  by	  the	  fact	  that	  the	  70%	  PS	  blend	  has	  more	  interfacial	  area	  
than	  the	  90%	  PS	  blend.	  Higher	  interfacial	  area	  would	  lead	  to	  higher	  slip	  effect,	  since	  the	  slip	  is	  
proportional	  to	  the	  surface	  between	  the	  sliding	  phases	  as	  was	  described	  by	  BPU	  
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Figure	  6:	   Steady	  shear	  viscosity	  measured	  using	  a	  stress	  controlled	  rheometer	   for	  pure	  PS,	  
PMMA	  and	  their	  blends	  with	  various	  compositions	  model	  (Equation	  5).	  	  

	  

Experimental	  results	  for	  Newtonian	  and	  steady	  shear	  viscosity	  versus	  composition	  at	  various	  
values	   of	   shear	   stress	   are	   depicted	   in	   Figure	   6	   and	   Figure	   7.	   Figure	   4	   shows	   that	   a	   90/10	  
PMMA/PS	  blend	  displays	  higher	  zero-‐shear	  viscosity	   than	   the	   log-‐additivity	   rule	  prediction,	  
whereas	  for	  blends	  with	  30,	  70	  and	  90%	  of	  PS,	  the	  viscosity	  decreases	  drastically.	  Comparison	  
of	  experimental	  values	  of	  zero	  shear	  viscosity	  with	  predictions	  of	  both	  BPU	  model	  (1999)	  and	  
Adhikari	  &	  Goveas	  (2004)	  model	  (Eq.	  8)	  are	  shown	  in	  Figure	  6.	  	  
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3.2	  Step-‐up	  in	  shear	  rate	  	  
Step-‐up	  in	  shear	  rate	  experiments	  were	  conducted	  using	  cone-‐and-‐plate	  geometry.	  Shear	  rate	  
was	  instantaneously	  brought	  from	  zero	  to	  a	  finite	  value	  and	  the	  stress	  growth	  was	  measured	  
as	   a	   function	   of	   time.	   Typical	   results	   of	   such	   experiments	   are	   presented	   in	   Figure	   4.	   As	  
expected,	  the	  stress	  of	  the	  pure	  components	  increases	  in	  time	  before	  reaching	  a	  steady	  state	  
plateau.	  The	  peculiar	  feature	  to	  be	  noticed	  in	  Figure	  4	  is	  that	  the	  viscosity	  of	  the	  90%	  PS	  blend	  
is	  lower	  than	  the	  viscosity	  of	  its	  components.	  The	  applied	  shear	  rate	  is	  very	  small	  (0.0025	  s-‐1)	  
so	   that	   the	  viscosities	   in	  steady	  state	  correspond	  to	  zero-‐shear	  viscosity.	   It	   should	  be	  noted	  
that	  these	  zero	  shear	  viscosities	  are	  almost	  equal	  to	  those	  determined	  from	  SAOS	  experiments	  
at	   low	  frequencies	  for	  PS,	  PMMA	  and	  the	  90%	  PS	  blend.	  This	  step-‐up	  at	  shear	  rate	  confirms	  
the	  results	  obtained	  in	  SAOS	  and	  particularly	  the	  diminution	  in	  viscosity	  with	  respect	  to	  that	  
of	  the	  pure	  components.	  	  
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Figure 5: Shear stress growth coefficient at 10025.0 −= sγ  for PS (empty symbols), PMMA (filled 
black symbols) and 90% PS blend (red symbols). 

	  

3.3	  Steady	  shear	  flow	  
Shear	  viscosity	  of	  blends	  with	  various	  compositions	  was	  measured	  as	  function	  of	  shear	  stress	  
using	   constant	   shear	   stress	   rheometer.	   The	   obtained	   results	   are	   depicted	   in	   Figure	   5.	   The	  
common	   feature	   with	   the	   SAOS	   data	   is	   that	   the	   viscosity	   of	   the	   blends	   with	   PMMA	   major	  
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Figure	  6:	   Steady	  shear	  viscosity	  measured	  using	  a	  stress	  controlled	  rheometer	   for	  pure	  PS,	  
PMMA	  and	  their	  blends	  with	  various	  compositions	  model	  (Equation	  5).	  	  

	  

Experimental	  results	  for	  Newtonian	  and	  steady	  shear	  viscosity	  versus	  composition	  at	  various	  
values	   of	   shear	   stress	   are	   depicted	   in	   Figure	   6	   and	   Figure	   7.	   Figure	   4	   shows	   that	   a	   90/10	  
PMMA/PS	  blend	  displays	  higher	  zero-‐shear	  viscosity	   than	   the	   log-‐additivity	   rule	  prediction,	  
whereas	  for	  blends	  with	  30,	  70	  and	  90%	  of	  PS,	  the	  viscosity	  decreases	  drastically.	  Comparison	  
of	  experimental	  values	  of	  zero	  shear	  viscosity	  with	  predictions	  of	  both	  BPU	  model	  (1999)	  and	  
Adhikari	  &	  Goveas	  (2004)	  model	  (Eq.	  8)	  are	  shown	  in	  Figure	  6.	  	  
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Figure 8: Viscosity versus composition at various values of shear stress: a. 12σ =1000 Pa; b. 

12σ =5995 Pa and c. 12σ =16680 Pa. The filled symbols correspond to data of copolymer modified 
blends. The dashed curve corresponds to BPU model 

	  

The	  experimental	   results	  of	   shear	  viscosity	  versus	  composition	  are	  reported	   in	  Figure	  7	   for	  
different	  values	  of	  shear	  stress	  in	  order	  to	  illustrate	  the	  deviation	  from	  the	  log-‐additivity	  rule.	  

N.	  Mechbal	  &	  M.	  Bousmina.	   Experimental	  Study	  of	  Interfacial	  Slip	  Effect	  
	  

1000

10000

100000

0 10 20 30 40 50 60 70 80 90 100

PS content (%)

C
om

pl
ex

 V
is

co
si

ty
 (P

a.
s)

	  

Figure 7: Newtonian shear viscosity versus blend composition. The square symbols correspond to 
experimental results and full line, dashed and the dashed dotted curves correspond to the Log 
additivity rule, Adhikari & Goveas model and BPU model, respectively.  

	  

Since	   the	  molecular	  parameters	  of	   two	  homopolymers	  are	  different,	   the	  monomeric	   friction	  
coefficient,	  effective	  Kuhn	  length	  step	  b,	  as	  well	  as	  N	  and	  Ne	  were	  considered	  as	  the	  arithmetic	  
average	  of	  their	  corresponding	  values	  for	  PS	  and	  PMMA.	  Adhikari	  &	  Goveas	  model	  predicts	  a	  
slight	  PDB	  behavior	  for	  blends	  with	  10	  and	  30%	  of	  PS.	  For	  blends	  with	  70	  and	  90%	  of	  PS,	  the	  
model	  is	  qualitatively	  in	  line	  with	  experimental	  results.	  However,	  it	  is	  clear	  that	  the	  Adhikari	  
&	  Goveas	  model	  underestimates	  the	  magnitude	  of	  interfacial	  slip.	  From	  a	  quantitative	  point	  of	  
view,	  the	  mismatch	  between	  the	  model	  predictions	  and	  the	  experimental	  data	  is	  probably	  due	  
to	  the	  fact	  that	  the	  model	  was	  built	  using	  scaling	  theories.	  Moreover,	  calculations	  were	  made	  
assuming	  a	  Rouse-‐like	  friction	  at	  the	  interface	  and	  ignoring	  the	  connectivity	  between	  interface	  
and	  bulk	  chains.	  On	  the	  other	  hand,	  BPU	  model	  provides	  a	  nice	  fit	  (adjusting	  the	  K	  parameter)	  
for	  the	  experimental	  results	  for	  the	  blends	  having	  PS	  as	  the	  major	  phase.	  
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Figure 8: Viscosity versus composition at various values of shear stress: a. 12σ =1000 Pa; b. 

12σ =5995 Pa and c. 12σ =16680 Pa. The filled symbols correspond to data of copolymer modified 
blends. The dashed curve corresponds to BPU model 

	  

The	  experimental	   results	  of	   shear	  viscosity	  versus	  composition	  are	  reported	   in	  Figure	  7	   for	  
different	  values	  of	  shear	  stress	  in	  order	  to	  illustrate	  the	  deviation	  from	  the	  log-‐additivity	  rule.	  
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Figure 9: Initial state morphology of uncompatiblized PS/PMMA blend a. PS/PMMA (70/30) and 
b. PS/PMMA (90/10), c.and d. represent detailed SEM pictures of undeformed PMMA drops in PS 
matrix in uncompatibilized PS/PMMA (90/10) blend. The scale bare corresponds to 1 micron and 
stands for c. and d. 

	  

	  

Figure 10: Initial morphology of 1% compatibilized PS/PMMA (70/30) blend. 

	  

c.	   d.	  

a.	   b.	  
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As	  in	  the	  case	  of	  zero-‐shear	  viscosity,	  NDB	  behavior	  is	  evident	  for	  all	  compositions	  except	  for	  
the	  blend	  with	  10%	  of	  polystyrene.	  The	  negative	  deviation	  with	  respect	  to	  the	  log-‐additivity	  
rule	  appears	  to	  be	  proportional	  to	  the	  stress	  value,	  except	  for	  the	  blend	  with	  90%	  PMMA	  for	  
which	   the	  NDB	  behavior,	   if	  any,	   is	  negligible.	  Comparison	  between	   the	  experimental	   results	  
and	  BPU	  (1999)	  model	  is	  reported	  in	  Figure	  5.	  Here	  again,	  theoretical	  curves	  corresponding	  
to	  BPU	  model	  were	  calculated	  by	  adjusting	  the	  parameter	  K	  to	  improve	  the	  fit.	  It	  can	  be	  seen	  
that	   a	   good	   fit	   is	   obtained	   for	   blends	   in	   which	   the	   PS	   is	   present	   as	   a	   continuous	   phase;	  
however	  the	  model	  fails	  to	  describe	  the	  behavior	  of	  the	  blends	  with	  90	  and	  70%	  of	  PMMA.	  
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value	  even	  at	  high	  shear	  stresses,	  which	  means	  that	  interfacial	  slip	  is	  completely	  suppressed.	  	  

	  

The	   initial	   state	   morphology	   of	   some	   samples	   was	   examined	   by	   Scanning	   Electron	  
Microscopy.	  Typical	  micrographs	  are	  shown	  in	  Figure	  8.	   It	  can	  be	  seen	  for	  uncompatibilized	  
blends	  that	  the	  surface	  of	  PMMA	  droplets	  is	  rather	  smooth,	  while	  large	  cavities	  are	  observed	  
between	  PMMA	  drops	  and	  PS	  matrix,	  both	  observations	  are	  an	  evident	  sign	  of	  poor	  adhesion	  
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The	  surface	  of	  PMMA	  droplets	  is	  no	  longer	  smooth	  and	  cavities	  between	  PS	  matrix	  and	  PMMA	  
particles	   are	   now	   inexistent	   (Figure	   9).	   Combining	   these	   observations	   with	   the	   rheological	  
data,	   one	   can	   conclude	   that	   the	   interfacial	   slip	   originates	   from	   the	   loss	   of	   entanglements	  
within	  the	  interface	  between	  the	  blends	  phases.	  	  
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Figure 9: Initial state morphology of uncompatiblized PS/PMMA blend a. PS/PMMA (70/30) and 
b. PS/PMMA (90/10), c.and d. represent detailed SEM pictures of undeformed PMMA drops in PS 
matrix in uncompatibilized PS/PMMA (90/10) blend. The scale bare corresponds to 1 micron and 
stands for c. and d. 

	  

	  

Figure 10: Initial morphology of 1% compatibilized PS/PMMA (70/30) blend. 

	  

c.	   d.	  

a.	   b.	  
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Figure	  12:	  PS/PMMA	  elongational	  viscosity	  versus	  blend	  composition	  up	  to	  a	  Hencky	  strain	  
of	  1.5.	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

In	  order	  to	  examine	  whether	  or	  not	  there	  is	  some	  slippage	  of	  our	  samples	  at	  the	  belt-‐clamps,	  
we	  measured	   the	   true	   rate	   of	   elongation	   experienced	   by	   10/90	  PMMA/PS	   sample.	   For	   this	  
purpose,	   the	   stretching	   of	   the	   sample	  was	   recorded	  during	   elongation	  by	  means	   of	   a	   video	  
camera	  placed	  at	  the	  top	  window	  of	  the	  RME	  testing	  chamber.	  From	  the	  obtained	  images,	  the	  
natural	   logarithm	  of	  the	  sample	  width	  was	  then	  plotted	  versus	  time	  and	  the	  data	  were	  then	  
fitted	  linearly	  and	  the	  true	  elongation	  rate	  was	  obtained	  by	  multiplying	  the	  slope	  of	  the	  linear	  
fit	  by	  -‐2	  owing	  to:	  
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As	  can	  be	  seen	  from	  Figure	  12,	  the	  true	  elongational	  rate	  obtained	  by	  the	  procedure	  described	  
above	   is	   0.096s-‐1,	   meaning	   that	   the	   set	   rate	   of	   elongation	   is	   entirely	   transmitted	   to	   the	  
sample.	  In	  other	  words,	  the	  sample	  was	  fairly	  gripped	  by	  the	  four	  belt-‐clamps	  and	  no	  slippage	  
occurred	  within	  the	  clamps.	  

N.	  Mechbal	  &	  M.	  Bousmina.	   Experimental	  Study	  of	  Interfacial	  Slip	  Effect	  
	  

3.4	  Uniaxial	  elongational	  flow	  
Blends	   of	   PS/PMMA	   were	   also	   tested	   in	   uniaxial	   elongational	   flow	   by	   means	   of	   the	   RME	  
rheometer	   at	   a	   constant	   rate	   of	   deformation	   (0.1	   s-‐1).	   	   Figure	   10	   shows	   the	   transient	  
elongational	   viscosity	   for	  PS,	  PMMA	  and	  various	  blends	  of	   various	   compositions.	  For	  better	  
clarity,	  Figure	  11	  shows	  the	  elongational	  viscosity	  plotted	  against	  blend	  composition,	  where	  
only	  viscosity	  values	  at	   long	  time	  after	   the	  start-‐up	  of	   the	  elongation	  were	  considered.	  Such	  
values	   are	   quite	   equivalent	   to	   the	   steady	   state	   elongational	   viscosity.	   The	   obtained	   results	  
show	   that	   PS-‐rich	   blends	   display	   lower	   elongational	   viscosity	   than	   the	   pure	   components.	  
Viscosity	  of	   the	  blend	  containing	  30%	  of	  PS	   is	  higher	   than	   that	  of	  pure	  PS,	  but	   it	   is	   slightly	  
lower	   than	   the	   log-‐additivity	   value.	   For	   the	   90/10	   PMMA/PS,	   the	   elongational	   viscosity	   is	  
slightly	   above	   the	   log-‐additivity.	   Qualitatively,	   such	   results	   are	   in	   line	   with	   the	   zero-‐shear	  
viscosity	   data	   shown	   in	   the	   previous	   sections.	   The	   curves	   corresponding	   to	   the	   transient	  
elongational	  viscosity	  of	  70	  and	  90%	  PS	  blends	  show	  several	  fluctuations.	  It	  should	  be	  noted	  
that	   these	   fluctuations	  are	  similar	   to	   those	  previously	  observed	  by	  Barroso	  et	  al.	   (2001)	   for	  
the	  uniaxial	  elongational	  viscosity	  of	  homopolymers.	  Barroso	  et	  al.	  attributed	  the	  fluctuations	  
to	  slippage	  of	  the	  sample	  at	  the	  gripping	  device.	  	  
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Figure 11: Transient elongational viscosity at 11.0 −= sε  of PS, PMMA and their blends with 
various compositions. 
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of	  1.5.	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
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As	  can	  be	  seen	  from	  Figure	  12,	  the	  true	  elongational	  rate	  obtained	  by	  the	  procedure	  described	  
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SEM	   observations	   have	   also	   been	   carried	   out	   on	   some	   deformed	   samples,	   with	   typical	  
micrographs	  reported	  in	  Figure	  14.	  Here	  again,	  large	  cavities	  can	  be	  seen	  between	  the	  smooth	  
surface	  of	  extended	  PMMA	  particles	  and	  the	  PS	  matrix	  in	  uncompatibilized	  blends.	  In	  contrast,	  
no	   cavities	   between	   PS	   and	   PMMA	   domains	   can	   be	   seen	   at	   the	   same	   magnification	   for	   the	  
compatibilized	   blends,	   with	   the	   surface	   of	   PS	   ellipsoids	   appearing	   quite	   damaged.	   This	  
indicates	   that	  a	  better	  adhesion	  between	   the	  blend	  phases	  was	  achieved	  by	   incorporating	  a	  
block	  copolymer.	  As	  a	  result,	  friction	  between	  the	  two	  phases	  is	  enhanced	  and	  the	  interfacial	  
slip	   is	   substantially	   decreased.	   These	   observations	   are	   qualitatively	   in	   accordance	  with	   the	  
rheological	  results	  reported	  in	  Figure.5.	  

	  

	  	  	  	   	  

	  

Figure 15: SEM micrographs for compatibilized (a. and b.) and uncompatibilized blends deformed 
up to 1 Henckey strain. a. and c. correspond to PS/PMMA (70/30) blend, b. corresponds to 
PS/PMMA (10/90) blend. 
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c.	  
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Figure 13: Sample width retraction during elongation at 0.1 s-1. The true strain rate was calculated 
by multiplying the slope of the line fit by -2. 

	  

As	  for	  shear	  experiments,	  the	  effect	  of	  added	  copolymer	  was	  examined	  on	  some	  of	  the	  blends.	  
Comparison	  between	  transient	  elongational	  viscosity	  of	  compatibilized	  and	  uncompatibilized	  
blends	   is	  reported	   in	  Figure	  13.	   It	  can	  be	  seen	   that	   the	  presence	  of	  block	  copolymer	  has	  no	  
effect	   on	   the	   rheological	   response	   of	   the	   90/10	   PMMA/PS	   blend.	   In	   contrast,	   the	  
compatibilization	   effect	   is	   clearly	   perceptible	   for	   the	   10/90	   PMMA/PS	   blend	   since	   its	  
elongational	   viscosity	   is	   incremented.	   Moreover,	   the	   transient	   elongation	   curve	   of	   the	  
compatibilized	  blends	  is	  rather	  flat	  comparatively	  to	  the	  curve	  of	  the	  uncompatibilized	  ones.	  	  
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Figure 14: Comparison between transient elongational viscosity of compatibilized (empty symbols) 
and uncompatibilized (filled symbols) blends. 
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3. Concluding	  Remarks	  
In	   the	   present	   study,	   the	   behavior	   of	   a	   model	   blend	   was	   studied	   in	   shear	   and	   uniaxial	  
elongational	   flows	   over	   a	   wide	   range	   of	   blend	   concentrations.	   Negative	   deviation	   blend	  
behaviour	   was	   detected	   in	   both	   shear	   and	   elongation,	   especially	   in	   PS-‐rich	   blends.	  
Micrographs	  of	   initial	   state	  morphology	  showed	   large	  cavities	  between	  PMMA	  particles	  and	  
PS	  matrix,	  which	  infers	  the	  NDB	  to	  a	  poor	  frictions	  and	  low	  density	  of	  entanglements	  between	  
the	  blend	  phases.	  The	  interfacial	  entanglement	  was	  built	  up	  by	  adding	  a	  PS-‐b-‐PMMA	  diblock	  
copolymer	   that	   resulted	   in	   a	   substantial	   increase	   in	   shear	   and	   transient	   elongational	  
viscosities.	  The	  uniaxial	  elongation	  results	  were	  found	  to	  be	  in	  line	  with	  shear	  data	  from	  both	  
rheological	  and	  morphological	  viewpoints.	  	  
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(ṁ = dm
dt

,m)



133Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology

0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5
h=0r=0.4d=1alpha=1.2

0 0.5 1 1.5
−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5
h=0.9r=0.4d=1alpha=1.2

0 0.5 1 1.5
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6
h=1.7r=0.4d=1alpha=1.2

(mσ, mS) α = 1.2



134 Frontiers in Science and Engineering
An International Journal Edited by Hassan II Academy of Science and Technology
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